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Abstract 

Topological integrals appear frequently in Lagrangian field theories. On manifolds without 
boundary, they can be treated in the framework of (absolute) (co)homology using the 
formalism of Cheeger-Simons differential characters. String and D-brane theory involve 
field theoretic models on worldvolumes with boundary. On manifolds with boundary, the 
proper treatment of topological integrals requires a generalization of the usual differential 
topological set up and leads naturally to relative (co) homology and relative Cheeger- 
Simons differential characters. In this paper, we present a construction of relative Cheeger- 
Simons differential characters which is computable in principle and which contains the 
ordinary Cheeger-Simons differential characters as a particular case. 
PACS no.: 0240, 0460, 1110. Keywords: String Theory, Cohomology. 
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0. Introduction 

Topological integrals appear frequently in Lagrangian field theories such as Chern- 
Simons model, Wess-Zumino-Witten model, gauge theory and D-brane theory, to mention 
only the most popular and best known. They are formal integrals on topologically non 
trivial manifolds of differential forms which are only locally defined. The integrand thus 
suffers ambiguities on overlapping coordinate patches, making the definition of integration 
problematic. In physics, the problem of the proper definition of topological integrals has 
been studied by several authors since the mid eighties [1,2,3] and also recently it has been 
the object of a number of studies [4,5,6,7,8]. In mathematics, the interest in this topic dates 
back at least to the early seventies when it was attempted to frame the Chern-Simons 
forms associated to connections on a principal bundle in appropriate global differential 
topological structures on its base space. It resulted in the theory of Chccger-Simons 
differential characters [9,10,11] whose apparent relation with the smooth vcrsionsof Deligne 
cohomology [12] and Deligne-Beilinson cohomology [13,14] developed a decade later was 
noticed in the early ninenties and has been reconsidered recently [15]. 

Virtually all the above studies deal with absolute cohomology and differential charac- 
ters. A generalization of the formalism appropriate for relative cohomology and differential 
characters has not been fully worked out to the best of our knowledge. This is attempted 
in the present paper. 

The reason why this is an interesting problem and not a mere academic exercise is 
shown by the physical examples illustrated below in which the relevance of relative coho- 
mology and differential characters should be apparent. Since we have physical applications 
in mind, we want to provide a constructive treatment, i. e. one computable at least in prin- 
ciple. For this reason, we opt for a formulation closer in spirit to Cheeger's and Simons', 
which is somewhat more concrete and thus more suitable for the physicists' computational 
needs. We shall do this using the machinery of Cech (co)homology as in [1,2,3]. We shall 
not use partitions of unity as in [8], since these are required by distribution valued quan- 
tized fields, while the fields relevant in our examples are background semiclassical fields. 
Though we work mostly in the framework of relative integer cohomology, our formulation 
presumably might be extended to more general relative cohomology theories, in particular 
K-theory. 

Consider a spacetime X and a D-brane occupying a submanifold y C X in type 
II string theory. The background is characterized by the NS NS field 32- Further, the 
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D-brane carries a U{1) gauge field Ai. For a string with world sheet S2 C X such that 
dT,2 C y, the path integral measure contains a factor 

pfaff (Ds) exp f i / B2-i [ Ai], (0.1) 

where is the Dirac operator on E2 and pfaff (-Ds) is its pfaffian [16]. If dT,2 — 0, 
the sign of pfaff (-De) is uniquely defined. In order for the path integral measure to be 
well-defined = dB2 is required to be a globally defined closed 3-form with quantized 
fiuxes through any closed 3-folds P3 C X: 

HsE 27rZ. (0.2) 

If ^ 0, the sign of pfaff (-De) is not uniquely defined in general, signaling a global 
world-sheet anomaly. Consistency requires that this anomaly be canceled by an equal and 
opposite anomaly of the exponential factor of (0.1). In order for this to be possible, the 
2-form Ba2 = B2 — dAi must be globally defined on Y so that the restriction of on Y 
is exact. The quantization condition (0.2) gets generalized as 

/ H3- I BA2-7r I W2e 27rZ, (0.3) 

JPs JQ2 JQ2 

for C X , Q2 Q Y with dP^ = Q2, where W2 is a closed 2-form on Y representing the 
second Stiefel- Whitney class of Y modulo 2. In the simple case where -B2 = 0, y turns 
out to be a Spiuc manifold and Ai a Spiuc connection. See [16] for more details and [17] 
for a related analysis. 

The problem of D-branes in group manifolds has received a great deal of attention 
recently [18,19,20,21,22,23]. The central issue here is the proper definition of DO charge 
and its quantization. Consider a D-brane located in a submanifold K of a, compact simple 
Lie group G. The background is characterized by a closed 3-form on G, the trace of 
the third wedge power of the left invariant Maurer-Cartan form of G. According to [24] , 
the DO charge Q of a D2-brane contained in the D-brane is defined if — dL2 on K for 
some 2-form L2 globally defined on K and is given by 

Q = [ Hs- [ L2, (0.4) 

for V3 C G, Z2 Q K with dVs = Z2. When is cohomologically trivial, Q is quantized 
as Q e 27rZ in the usual way. When has a fundamental period (level) k, Q is quantized 
as Q e 27rZ/e. These quantization rules have to be compared with (0.3). 
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Consider N coinciding D-branes of type II string theory spanning a world-volume W 
in the space time X. The background fields are the spin connection oji, the NS NS B-field 
B2 and the R R field C. Further, the set of branes carries a U{N) Chan-Paton gauge field 
Ai [25]. Here, we assume that B2 = 0- C is an odd/even degree form field for type IIA/IIB 
strings. C is not globally defined in X in general. Only its field strength G = dC is. The 
D-brane is carries R R charges and thus couples to the R R field C via the Wess-Zumino 
term. Thus, the path integral contains a factor of the form 



where pfaff {Dw) is the pfaffian of the Dirac operator on W and Rtw2, Rnw2 and F2 
are the curvatures of the tangent and normal bundles TW , NW of W and the gauge field 
strength, respectively. A denotes the A-roof genus. This factor is required and explicitly 
determined by gauge and gravitational anomaly cancellation [26,27,28]. As before, the sign 
of pfaff {Dw) suffers in general an ambiguity which signals a global anomaly. The proper 
definition of the path integral measure requires some kind of quantization condition for 
the R R curvature G. This reads 



for any closed submanifold U of X of dimension one unit larger than where Rtw2, 
Rnw2 are the curvatures of the tangent and normal bundles TU, NU oiU nd is a closed 
form representing the pfaffian anomaly modulo 2. In the last three years it has become 
clear that a realistic theory of D-brane R R charges and R R fields in type II string theory 
requires K theory when ^2 = and some sort of twisted generalization thereof when 
i?2 7^ [28,29,30,31,32]. In any case, a form of generalized cohomology is involved which 
maps to a full lattice in ordinary real cohomology as is apparent from (0.6). 

A generalization for open membranes is still to be worked out [33]. It presumably 
involves adding in the exponential in the right hand side of (0.5) a suitable integral on 
Z = dY leading to a structure similar to (0.1). This is however just a speculation for the 
time being. 

The above examples show clearly that the geometrical framework suitable for the 
analysis of these matters is provided by relative singular homology and (some generalization 
of) integral cohomology. To make this clearer and also to render the rest of the paper more 




V Jw 




(0.6) 
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easily readable, we recall briefly some of the basic definitions. (See ref. [34,35,36,37,38,39] 
for background material.) 

Let X, Y he smooth manifolds with Y C X. Denote by z : y — > X the smooth 
inclusion map. A relative singular p — 1-cycle {Sp-i,Tp-2) of X mod y is a pair of 
singular chains of X, Y, respectively, satisfying 

dSp-i - uTp_2 = 0, -dTp_2 = 0. (0.7) 

A relative de Rham p-cocycle (Sp, Tp_i) of X mod y is a pair of forms of X, Y, respec- 
tively, satisfying 

dEp = 0, i*Ep - dTp_i = 0. (0.8) 
Locally, there are forms Sp_i, Tp_2 in X, Y, respectively, such that 

Sp = dEp-i, Tp-i — i*'Ep-i — dTp-2- (0-9) 

The associated relative topological integral is the formal integral 

f Sp_i - f tp_2. (0.10) 

Sp—i JTp—2 

In general, its value is determined only up to a quantized ambiguity. In the simplest case, 
the ambiguity is just integer valued ^. This translates into a quantization condition for 
the relative de Rham p-cocycle (Sp, Tp_i) of the form 



/ Sp / Tp. 

J Sp Jtp-x 



eZ, (0.11) 



for any relative singular p-cycle (sp,tp_i). For more general quantized ambiguities, we 
have totally analogous generalized quantization conditions. 

In the first example illustrated above, (E2,9E2) is a relative singular 2-cycle and 
(iifa, Ba2) is a relative 3-cocycle. The argument of the exponential in (0.1) is the associated 
topological integral. The quantization condition (0.3) holds for every relative singular 3- 
cycle (-P3,<52)- Similarly, in the second example, {Vs,Z2) is a relative singular 3-cycle, 
{H?,,L2) is a relative 3-cocycle and Q expresses the canonical pairing of relative singular 

^ Here and in the following, we neglect an inessential factor 2tt appearing in the physical 
quantization conditions. 
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3 homology and relative de Rham 3 cohomology. Quantization selects a sublattice of the 
latter. Similar considerations might apply to an open membrane generalization of the third 
example. 

Since Tp_2 are only local forms in general, the proper definition of the topo- 

logical integral (0.10) is not a straightforward matter. However, any reasonable definition 
should satisfy the following a priori requirements up to the usual quantized ambiguity. 
To begin with, we expect the topological integral to depend linearly on the relative cycle 
(5'p_i,Tp_2) and the relative cocycle (Sp, Tp_i). Further, we expect some kind of Stokes' 
theorem to hold. So, when the relative singular p — 1-cycle (5'p_i,Tp_2) is a relative 
boundary, 

Sp-i — dsp — i*tp-i, Tp_2 = —dtp-i, (0.12) 
for some singular chains Sp, tp_i in X, Y, respectively, then 

/ Sp_i - f tp_2 = / Sp - /" Tp_i, (0.13) 

Sp-i JTp-2 Sp Jtp-i 

where the integrals in the right hand side are computed according to the ordinary differ- 
ential geometric prescription. Finally, we would like the topological integral to reduce to 
an ordinary integral when the forms Sp_i, Tp_2 are globally defined in X, Y, respectively. 
So, when the relative de Rham p-cocycle (Sp, Tp_i) is a relative coboundary, 

Sp = d^p-i, Tp_i = i*^p-i - dvp-2, (0.14) 

for some globally defined forms ^p-i, Vp-2 on X, Y, respectively, then 

/ Sp_i - / tp_2 = / Cp-i - / yp-2, (0.15) 

Sp—i JTp—2 •'Sp—i JTp—2 

where again the integrals in the right hand side are computed according to the ordinary 
differential geometric prescription. 

The plan of the paper is as follows. In sect. 1, we introduce the basic notions of 
relative homology and cohomology. In sect. 2, we provide an explicit construction of 
the family of relative Cheeger-Simons differential characters and show independence form 
covering choices. In sect. 3, we analyze in detail its formal properties. Finally, sect. 4 
contains a few concluding remarks. 
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1. Relative singular, de Rham and Cech (co)homology 

This is a review of some basic material on relative singular, de Rham and Cech 
(co)homology. The reader interested in a more thorough treatment is suggested to consult 
standard textbooks such as [34,35,36]. 

1. Basic definitions and facts 

Let M be a smooth manifold. Let O = {Oq,|q; e A} be an open covering of M. Here, 
^ is a countable index set. We set, for A; > 0, 

Oao,...,«. = o,„n---no«,. (1.1.1) 

The A;-th nerve of O is 

N{0, k) = {{ao, . . . , e ^^+^ |0«3,...,«, ^ 0}. (1.1.2) 

O is a good covering if all the non empty OaQ,...,ak contractible. 

For r e Z, we denote by Sr{M) the group of (generalized) dimension r singular chains 
of M: Sr{M) = 0, for r < —2, »S_i(M) = Z and Sr{M) is the group of ordinary smooth, 
finite singular chains of M of dimension r, for < r. A dimension r singular chain Ur is 
characterized by its support supp t/^ C M. By convention, supp Ur = $ ior r < —1. For 
any non empty open subset O of M, we denote by S^{M) the group of all dimension r 
chains Ur such that supp Ur C O. Clearly S^{M) is a subgroup of 5^(M). 

We define a homomorphism b : Sr{M) Sr-\{M) by 

hUr = dsUr. (1.1.3) 

Here, for 1 < r, ds is the customary simplicial boundary operator, while, for r = 0, 

SsUq = indC/o: where ind 'Ylip'^pP — YIip'^p ^ dimension chain "^pUpP ^. b is 
nilpotent 

6^ = 0. (1.1.4) 



^ In dimension 0, the definition of the boundary operator b given here differs from the 
customary one of singular homology, where b vanishes. As a consequence, the dimensional 
homology groups corresponding to the two definitions of b are also different. Our definition 
ensures that the statement above (1.1.7) holds. 
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Let O be an open covering of M. For r e Z, we denote by S^{M) the subgroup of 
O-small elements of Sr{M): S^{M) = Sr{M), for r < 0, and S^{M) is the subgroup 
of Sr{M) formed by the singular chains made up of simplices the support of each of 
which is contained in some open set of O, for 1 < r. There exists a homomorphism 
q : Sr{M) — > Sr{M), called barycentric subdivision operator, with the following properties. 
q is a, chain map 



q is homotopic to the identity, i. e. there is a homomorphism c : Sr{M) Sr+i{M) such 
that 



Most importantly, for any Ur G Sr{M) there is an integer k{Ur, O) > such that q'^Ur G 
S^{M) for k > k{Ur,0). q and c preserve O-smallness: for any Ur G S^{M), qUr G 
S^{M) and cUr G S^_^i{M). Further, for any Ur G Sr{M), cUr is degenerate, i. e. it is 
made up of simplices each of which, considered as a smooth map of the standard r + 1 
simplex into M, has rank smaller than r + 1. An explicit construction of q and c can be 
found in [36]. 

Let O = {Ooi\a G A} be an open covering of M. For k,r E 1j, we denote by Ck^r{M, O) 
the group of finite Cech singular chains of (9 in M of Cech degree k and dimension r: 



Ck,r{M,0) = 0, for k < -2, C_i,^(M, C) = S^{M) and CkA^^O) is the group of 
alternating maps Uk,r '■ A^~^^ S^{M) such that {Uk,r)ao,...,ak — fo'^ («0)---)CKfc) ^ 
N{0,k), {Uk,r)ao,...,a, G (M) for (ao,...,«fc) G NiO,k) and (C/fc,.)ao,...,a, 7^ 



The operator b yields a homomorphism b : Ck,r{M,0) — > Ck,r-i{M,0) in obvious 
fashion. It is known that the homology of {Ck,*{M,0),b) vanishes for k > —1, if C is a 
good covering. 

We define a homomorphism /3 : Ck,r{M, O) Ck-i,r{M, O) by 



qb-bq = 0. 



(LL5) 



bc-\- cb = q — 1. 



(LL6) 



only for a finite number of (ckq, • • • , cx-k)-, for < A;. Note that the Cech singular chains are 
automatically C-small. The Cech singular chains of C-i^r{M, O) are called simply singular 
chains, on account of the definition given above. The Cech singular chains of Ck,-i{M, O) 
are called integer Cech chains, since they are integer valued. 




(LL7) 



/? is a differential 



(LL8) 
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The homology of {C:t:,r{M,0), P) is known to vanish for r > — 1 for any covering O. 
b and P commute 

bp-pb = 0. (1.1.9) 

For r G Z, wc denote by V^{M) the vector space of (generalized) degree r differential 
forms of M: V{M) = 0, for r < -2, ©"^(M) = K and P^(M) is the vector space of 
ordinary smooth differential forms of M of de Rham degree r, for < r. More generally, one 
may consider degree r differential forms which are defined only on a domain domS^ C 
M. By convention, domS^ = M for r < —1. For any non empty open subset O of M, 
we denote by T>q{M) the vector space of all degree r forms such that domS^ D O. 
Clearly, r>^(M) is a subspace of r>^(M). 

We define a homomorphism d : V{M) X'^+i(M) by 

d-ET = ddR-ET. (1.1.10) 

Here, for < r, ddR is the usual de Rham differential while, for r = —1, ddRE~^ is the 
constant 0-form corresponding to the constant ^. d is a differential 

d^ = 0. (1.1.11) 

Let O = {Oa\a G A} be an open covering of M. For k,r we denote by C'^'''(M, C) 
the vector space of Cech-de Rham cochains of O in M of Cech degree k and de Rham 
degree r: C^^''{M,0) = 0, for k < -2, C-^'^(M,e)) is the vector space of forms ET e 
V{M) and C'='^(M, O) is the vector space of alternating maps S'^-'' : A''+^ V{M) such 
that {Ef^nao,...,a, = for (ao, • • • , «fc) ^ iV(e', A;) and (S'^'Oac-.c, e „^ (M) for 

(ao, . . . , CKfe) e N{0, k), for < /c. The Cech-de Rham cochains of C-^'''(M, O) are called 
simply de Rham cochains, on account of the definition given above. The Cech-de Rham 
cochains of C'^'"^(M, O) are called real Cech cochains, since they are real valued. 

The operator d yields a homomorphism d : C'^'^{M, O) — > C'^'''+^(M, O). By Poincare's 
lemma, the cohomology of (C^'*(M, O), d) vanishes for k > —1, if O is a good covering. 



^ The definition given here of coboundary operator d in degree —1 is a rather natural 
extension of the usual de Rham differential which allows the treatment of degree —1 on the 
same footing as non negative degree. It further ensures that the statement above (1.1.12) 
holds. 
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We define a homomorphism 6 : C'='^(M, O) C^+'^'''{M, O) by 



' )aov,afc+i "~ ^ y( 1) ' )aov,a!-i,«!+i v,«fc+i In (1.1.12) 



i=0 

5 is nilpotent 



S^ = 0. (1.1.13) 



The cohomology of (C*''^(M, (9), 5) is known to vanish for r > — 1 for any covering O. 
d and S commute 

d5-Sd = 0. (1.1.14) 



A degree k real Cech cochain S'^' ^ G C'^' ^(M, O) is called integer if (S'^' ^) 



fc,-i. 



Z for all (cto, • • . , cufc) e A*^"'"''^. Such integer cochains form a lattice subgroup C^' (M, C) 
of C'='-i(M, C). 

Let Uk,r e CA;,r(M, 0), S^''^ e C'='''(M, C). For A; > 0, we set 



' fc! S(ao,...,afc)€iV(0,A;) /([7fe_,)„g,..._„J='''''')ao,...,afe, if r > 0, 

fc! S(ao,.--,afc)G-^V(e',fe) (^'«!-l)ao, ('^'^' ^)ao,...,Q:fc j if r = — 1, (1.1.15) 

0, ifr<-2. 



For = — 1, similar expressions hold but with the sum over the A;-th nerve of the covering 
and the factor 1/A;! omitted. The integrals in the right hand side are convergent, since all 
singular chains have compact support. The sum in the right hand side is convergent, as 
all Cech singular chains are finite by definition. One has 

dS'^'^-i) = S^'^-i), (1.1.16) 

(t/fc,., (JS'^-i'-) = S'^-i'-). (1.1.17) 

These duality relations play a fundamental role in the following. 

Let O = {Oa\oi e A}, O' = {0'a'\oi' e A'} be open coverings of the manifold M. 
O' is called a refinement of O if there is a map f : A' ^ A such that O'a' Q Of {a') ^r 
a' e A'. The refinement map / defines a homomorphism /* : C'='^(M,0) C^^''{M,0') 
of the corresponding spaces of Cech-de Rham cochains by 

f*'^^'''a'o...a'l='^^''' f{a'o)...f{a'l)\o' , (1.1.18) 

^ ol' C\. . .<X' ) 
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/* is a cochain map, i. e. 

f*S = 6'f*. (1.1.19) 

The resulting homomorphism of cohomology depends only on the coverings O, O' but not 
on the refinement map /. 

In the rest of this section, we shall describe briefly the main versions of Y relative 
homology and cohomology of X for a pair of manifolds X, Y such that Y QX. 

Let p e N, p > 2. Let X, y be smooth manifolds with dimX > p, dimY > p — 1 and 
such that y C X. Let z : y — > X be the smooth inclusion map. 

Let O be an open covering of X and let OdY be the open covering of Y induced by 

O. 

2. Relative homology and cohomology 

A y relative singular p — 1-chain {Sp-i, of X is a pair of singular chains Sp-i e 

»Sp_i(X), Tp_2 e <Sp_2(y). A y relative singular p — 1-chain {Sp-i,Tp_2) of X is a cycle 
if 

bSp-i - uTp_2 = 0, (1.2.1a) 

- bTp_2 = 0. (1.2.16) 

A y relative singular p — 1-cycle {Sp-i, Tp-2) of X is a boundary if it is of the form 

Sp-i = hsp — i^tp-i^ (1.2.2a) 

Tp_2 = -htp-u (1.2.26) 

where (sp, tp-i) is an arbitrary Y relative singular p-chain of X. We denote by Cp_i{X, y), 
Zp_i{X, y), Bp_i{X, y) the groups of Y relative singular p — 1-chains, cycles and bound- 
aries of X, respectively. Two relative p — 1-cycles are equivalent if their difference is a 
relative p — 1-boundary. The equivalence classes of Y relative singular p — 1-cycles of X 
form the p — 1-th relative singular homology group Hp_i{X, Y). 

A y relative singular p— 1-chain (respectively a cycle, a boundary) {Sp-i,Tp_2) is said 
C-small if Sp-i is O-small and Tp-2 is O (1 y-small in the sense defined in the previous 
subsection. We denote by C^?i(X,y), Z^^^(X,Y), 5^?i(X,y) the groups of O-small 
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Y relative singular p — l-chains, cycles and boundaries of X, respectively. Two C-small 
relative p — 1-cycles are equivalent if their difference is an C-small relative p — 1-boundary. 
The equivalence classes of C-small Y relative singular p — 1-cycles of X form the p — 1-th 
C-small relative singular homology group -ffp^i (X, Y) . 

An O-small Y relative singular p— 1-chain (S'p-i, Tp-2) can be viewed as a pair of Cech 
singular chains T_i,p_2) with S-i^p-i e C_i,p_i(X, C), T_i,p_2 G C_i,p_2(F, On 

Y). We shall use both notations interchangeably depending on context. 

A Y relative integer Cech p — 1-chain (5'p_i^_i, Tp_2,-i) of X is a pair of integer Cech 
chains Sp-i-i E Cp_i,_i(X, C), Tp_2,-i G Cp_2,-i(F, C n F). A Y relative integer Cech 
p — 1-chain (5'p_i,_i, Tp_2,_i) of X is a cycle if 

(3Sp-i-i - i*Tp_2 -1 = (1.2.3a) 

- /3Tp_2,-i = 0. (1.2.36) 

A Y relative integer Cech p — 1-cycle {Sp-i^-i, Tp_2,-i) of X is a boundary if it is of the 
form 

Sp-i-i = /3sp _i - i^tp-i-i, (1.2.4a) 
Tp_2,_i = -Ptp_^,-i, (1.2.46) 

where (sp^_i, tp_i^_i) is an arbitrary Y relative integer Cech p-chain of X. We denote 
by C^_i(X,y,e)), Z^_i(X,y,C)), B^_^{X,Y,0) the groups of Y relative integer Cech 
p — l-chains, cycles and boundaries of X, respectively. Two relative p — 1-cycles are 
equivalent if their difference is a relative p — 1-boundary. The equivalence classes of Y 
relative integer Cech p — 1-cycles of X form the p — 1-th relative integer Cech homology 
group i?p^_i(X,y,0). 

For r G N, set = {0, 1, 2, . . . , r}. Ay relative Cech singular p— 1-intertwincr of X is 
a sequence (S'_i,p_i, T_i^p_2; {Vk,p-i-k\k G Ip-i}, {Zk,p-2-k\k G ip-2}; 'S'p-i.-i, 2"p-2,-i) 

with 5_i,p_i G c_i,p_i(x, o), T_i,p_2 G c_i,p_2(y,ony), Vk,p-i-k g Ck,p-i-kix,o), 

Zk,p-2-k G Ck,p-2-k {Y,onY), Sp-i,-i G Cp-i,-i{x,o), Tp_2,-i G Cp_2,-i(y,c»ny) 

satisfying 

S'_i,p_i = /3Vo,p-i, (l-2.5a) 
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T_i,p_2 = /3Zo,p_2, (1.2.56) 

bVk,p-i-k = PVk+i,p-2-k + {-'^)''i*Zk,p-2~k, 0<k<p-2, (1.2.6a) 

bZk,p-2-k = pZk+i,p-3-k, 0<k<p-3, (1.2.66) 

= 6Fp-i,o, (1.2.7a) 

Tp-2,-1 = -{-ir-HZp_2,o. (1.2.76) 

Note that {Sp-i,Tp.2) G ^^?i(^,l^) (cfr. eq. (1.2.1)) and (5p_i,_i, Tp_2,-i) G ^^_i(X, 
F, O) (cfr. eq. (1.2.3)). A Y relative singular Cech p — 1-intertwiner (5'_i,p_i, T_i^p_2; 
{Vk,p-i-k\k e Ip-i}, {Zk,p-2-k\k e /p-2}; -S'p-i _i,Tp_2 _i) of X is said trivial if 

S-i,p-i = bs-i^p — (1.2.8a) 

T_i,p_2 = -6t_i,p_i, (1.2.86) 

Vfe,p-i-fe = 6'i;fc,p-fe + /3vk+i,p-i-k + (-l)^^*2;fc,p_i_fe, < /c < p - 1, (1.2.9a) 

Zk,p-2-k^bzk,p-i-k + Pzk+i,p-2-k, <k <p-2, (1.2.96) 

Sp-1,-1 = f^Sp-i - ijp-i-i, (1.2.10a) 

Tp_2,-i = (1.2.106) 

where s_i,p e C_i,p(X,e)), G C-i,p-i{Y,0 DY), Vk,p-k G Cfe,p_fe(X, O), for < 

k <p, Zk,p-i-k G Ck,p-i-k{Y,OnY), for < /c < p - 1, Sp_i e Cp_i(X,e)), _i G 
_i(y, C) n y) are such that 

s_i,p = /?vo,p, (1.2.11a) 

= -/?2;o,p-i, (1.2.116) 

Sp-i = bvpfi, (1.2.12a) 

= -(-l)^-'6^p_i,o. (1.2.126) 
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We denote by (X, Y, O), BI^^^ (X, y, O) the groups of Y relative Cech singular p-1- 

inter twiners, and trivial intertwiners of X, respectively. Two relative p — 1-intertwiners are 
equivalent if their difference is trivial. The equivalence classes of Y relative Cech singular 
p — 1-intertwiners of X form a group HI^li{X, Y, O). The notion of intertwiner given 
here is the generalization of that of 'element' of [39] suitable for relative homology. 

A Y relative de Rham p-cochain (S^,T^~^) of X is a pair of de Rham cochains 
G VP{X) , TP-i e VP-^{Y). A Y relative de Rham j^^cochain {Ep,Tp-'^) of X is a 
cocycle if 



dEP = 0, 



i*EP - dTP-^ = 0. 



(1.2.13a) 
(1.2.136) 



A Y relative de Rham p-cocycle (S^, ^) of X is a coboundary if it is of the form 

EP = de-\ (1.2.14a) 
YP-i = i*^p-^ _ dvP-^, (1.2.146) 



where (^^~^, f ^~^) is an arbitrary Y relative de Rham p — 1-cochain of X . We denote by 
C^^(X, F), Z^j^{X,Y), B^j^{X,Y) the vector spaces of Y relative de Rham p-cochains, 
cocycles and coboundaries of X, respectively. Two relative p-cocycles are equivalent if their 
difference is a p-coboundary. The equivalence classes of Y relative de Rham p-cocycles of 
X span the p-th relative de Rham cohomology space HPj^{X,Y). 

A Y relative de Rham p — 1-cochain (EP,Tp~^) can be viewed as a pair of Cech-de 
Rham cochains (S'^'P, T'^'P-^) with E'^'P e C-'^'P{X, O), T'^'P-^ e C'^^P'^Y, O n Y). 
We shall use both notations interchangeably depending on context. 

A Y relative real Cech p-cochain (S^'"^, Tp~^'~^) of X is a pair of real Cech cochains 
SP-i e CP-i(X, C), TP-^-^ e CP-^-\Y,On Y). A Y relative real Cech j:^cochain 
{EP-^, TP-^-^) of X is a cocycle ff 

SEP'-'^ = 0, (1.2.15a) 
i*SP-^ - STP-^-^ = 0. (1.2.156) 
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A Y relative real Cech p-cocycle (S^' ^' ■'^) of X is a coboundary if it is of the form 

= 5e~^'-\ (1.2.16a) 
^p-i-i ^ ^*^p-i-i _ SyP-2-\ (1.2.166) 

where (^^~^'~^, i;^~^'~^) is an arbitrary Y relative real Cech p — 1-cochain of X. We 
denote by C^{X,Y,0), Zl,{X,Y,0), Bl{X,Y,0) the vector spaces of Y relative real 
Cech p-cochains, cocycles and coboundaries of X, respectively. Two relative p-cocycles 
are equivalent if their difference is a ]?-coboundary. The equivalence classes of Y relative 
real Cech p-cocycles of X form the p-ih. relative real Cech cohomology space H^{X, Y, O). 

For r e N, set = {0, 1, 2, ... , r}. A Y relative Ccch-de Rham p-cointertwiner of X 
is a sequence (S-^'f , T-^'f-i; {Q,^'P-'^-^\k e IP-'^},{Q^^P-'^-^\k e /p-^}; TP-^-i), 

where s-^-f e C-1'P(x,0), t-^'^-^ e ^-^'^-^(y, O n y), Qj'^p-'^-^ e C'''P-^-''{x,0), 
Qk,p-2-k g cfc,p-2-fe(y^0py)^ g (^P -i(x,C)), TP'^'^ E CP-^-^iY^OflY) Satisfy 

SE-^^P = dn^'P-\ (1.2.17a) 

^y-i,P-i ^ -de^'P-^ + i*n^'P-\ (1.2.176) 

^^k,p-i-k ^ g^k-i,p-k^ l<k<p-l, (1.2.18a) 

^Qk,p-2-k ^ gQk-i,p-i-k ^ ^_-^^k-*^k,p-i-k^ 1 < /c < p - 2, (1.2.186) 

dEP'-^ = (1.2.19a) 

^Xf-i'-i = (-l)f-i (5G^'-2'° + {-l)P-H*nP-^'^) . (1.2.196) 

Note that (Sf,Tf-i) e ZPj^{X,Y) (cfr. eq. (1.2.13)) and (s^'-i, Tf-^'-i) e Z^(X,y,e)) 
(cfr. eq. (1.2.15)). We call a Y relative Cech-de Rham p-cointertwiner (p~^'P,T~^'P~^; 
^Qk,p-i-k^j^ e jP-iy^ |Qfc,p-2-fc|j!, g jp-2|. ^p-i^ yp-i-i^ of X trivial if 

E-^'P = dC^'P-\ (1.2.20a) 
^-i,p-i ^ ^*^-i,p-i _ dv-^'P-^, (1.2.206) 
^k,p-i-k ^^^k,p-2-k _^^^k-i,p-i-k^ 0<k<p-l, (1.2.21a) 
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Qk,p-2-k ^ ^^fc,p-3-fc ^ ^Qk-i,p-2-k ^ (_i)fc^*^fc,P-2-fe^ < /c < p - 2, (1.2.216) 
5P,-i = (1.2.22a) 
XP-1,-1 = _ 5^;P-2,-i^ (1.2.226) 



where e C-^'^-^^, O), i;-^'^'-^ e ^-^'^-^(y, OnY), c^'^'P-^-fe e C'='f-2-fe(X, O), 
for -1 < /c < p - 1, ek,P-s-k g C'=.P-3-fc(y^c) n y), for -1 < /e < p - 2, ^P'^-^ e 

CP-^^-\x, o), e Cf-2'-i(y,ony) with 

^-i.P-i = (1.2.23a) 

^-i,p-2 ^ ^-i,P-2^ (1.2.236) 

^P-i'-i = a;f-i'-\ (1.2.24a) 

^ ^_-^^p-2^p-2,-i_ (1.2.246) 



We denote by Z/^^^(X, y, O), S/^^^(X, y, O) the spaces of y relative Cech-de Rham p- 
cointer twiners, and trivial cointertwiners of X, respectively. Two relative p-cointertwiners 
are equivalent if their difference is trivial. The equivalence classes of Y relative Cech-de 
Rham p-cointertwiners of X form a space HI^^j^{X,Y,0). The notion of cointertwiner 
given here is the generalization of that of 'coelement' of [39] suitable for relative cohomol- 

ogy- 



3. Integral relative Cech cohomology and relative differential cocycles 

A y relative integer Cech p-cochain (S^'~i^ T^~i'~i) of X is a pair of integer Cech 
cochains S^-i e C^~\X,0), t^-i G C^"^'"^(y, C n y). Clearly, a relative integer 
Cech cochain is also a relative real Cech cochain. A Y relative integer Cech p-cochain 
(EP-\fp-^-^) of X is a cocycle if it satisfies eq. (1.2.15) with (EP-\rP-^-^) replaced 
by (S^'"^, TP~i'~i)^ so that it is a cocycle also when seen as a relative real Cech cochain. 
A y relative integer Cech p-cocycle (S^'~^, TJ'"^'"^) of X is a coboundary if it satisfies 
eq. (1.2.16) with (^p~^'~^ ,vP~'^'~^) replaced by any Y relative integer Cech p — 1-cochain 
{;P-2,-i~)^ so that it is a coboundary also when seen as a relative real Cech cochain. 
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We denote by C^^{X, Y, O), Z^^{X, Y, O), B^^{X, Y, O) the groups of Y relative integer 
Cech p-cochains, cocycles and coboundaries of X, respectively. Two relative integer p- 
cocycles are equivalent if their difference is a integer p-coboundary. The equivalence classes 
of Y relative integer Cech p-cocycles of X form the p-th relative integer Cech cohomology 

group iy^^(x,y,e»). 

A Y relative differential p-cocycle of X is a Cech six-tuple (S^''"^, T^'"-'^'"-'^; S*^"-*^'"^, 
T*P-2 -i,tf-i'-i), where S^-i e Cf-i(X,C>), T^-^-^ e CP-^-^iY,OnY), 

eC^~^~\Y,Or]Y), satisfying 

6EP'-^ = 0, (1.3.1a) 

_ (5Xf-i'-i = 0, (1.3.16) 

S^*P-h-i = ^P,-i _ sp.-i, (1.3.2a) 

■*^*p-i-i _ ^Y*p-2 -1 = fp-i-i _ (1.3.26) 

5EP-^ = 0, (1.3.3a) 

i*EP'-^ - sfP-^^-^ = 0. (1.3.36) 

Note that (SP'-i,TP-i'-i) G Z^{X,Y,0) and (S^'-i, fP-^'-^) e ^^^(X,^,^) (cfr. eq. 
(1.2.15)). A Y relative differential p-cocycle (s? -i, T^^-^ T*^'-^ "i; -\ 
XP-i'-i) of X is a differential coboundary if 

Sf'-i = 6e~'^^-\ (1.3.4a) 

Tf-i'-i = re^-^'-^ - 5vP-'^'-\ (1.3.46) 

= - ^f-i'-i, (1.3.5a) 

X*p-2,-l ^ ^p-2,-1 _ (1.3.56) 

S^'-i = (1.3.6a) 
f P-i -1 ^ ^*|p-i -1 _ 5{)P-2 -1^ (1.3.66) 
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where ^'^''^ e Cp-^'-\X,0), vP'^'-^ e Cp-^'-\Y,0 DY), ^'^'-^ G C^-^'-\X,0), 
g C|-2-i(y^e) n y). We denote by ZDP.(X,Y,0), BDP.{X,Y,0) the groups 
of Y relative differential p-cocycles and coboundaries of X, respectively. Two relative 
differential p-cocycles are equivalent if their difference is a differential coboundary. The 
equivalence classes of Y relative differential f)-cocycle of X form a group HD^{X, Y, O). 
An analogous notion of differential cocycle has been introduced for the absolute case in 
[15]. 

A Y relative differential p-cocycle (S^ "i, Tp-^ "i; "i, T*^-^ "i; ^p-^^TP'^-^) 

of X is torsion ff it is of the form (1.3.4)-(1.3.6) with |p-i "i e Cp-^-^{X, C), yV-'^-^ e 
OnY) subject to the condition e C^~\X, O), i*iP-^-^-5vP-'^-^ e 

Cl~^~^ (y, Or\Y). Torsion differential cocycles form a subgroup ZDPj^{X, Y, O) of ZDP(.{X, 
Y^O). Being invariant under translation by y, O), ZD^^{X^Y^O) projects to a 

subgroup HDP.^{X, Y, O) of HDP.{X, Y, O). 

4- Relative homology and O -small homology isomorphism and the relative Cech singular/ 
Cech-de Rham isomorphisms 

The barycentric subdivision operator q (cfr. subsect. 1.1) acts on relative chains 
in obvious fashion. For any relative chain {Sp-i,Tp-2) E Cp_i{X,Y), there is an in- 
teger /c(5p_i,Tp_2,C) > such that {q'' Sp-i, e C^^i{X,Y) is 0-small for 
k > A;(S'p_i, Tp_2, O). By the chain relation (1.1.5), if (5'p_i,Tp_2) G Zp_-^^{X,Y) is a 
relative cycle, then {q''Sp-i,q%-2) G Z;^^{X,Y) also is. If (S'p_i,Tp_2) G B;_^{X,Y) 
is a relative boundary, then {q^ Sp-i, q^Tp_2) E Bp^^{X,Y) also is and the corresponding 
relative chain [q^ Sp,q^tp-i) is O-small for k large enough (cfr. eq. (1.2.2)). Using the 
chain relation (1.1.5) and the homotopy relation (1.1.6), it is possible to construct a chain 
equivalence of the complex of Y relative singular chains and that of O-small Y relative 
singular chains for any open covering O oi X [36]. Hence, the corresponding homologies 
are isomorphic 

H;_^{X,Y) - Hf^{X,Y). (1.4.1) 

We say that the open covering O oi X is a, good covering of the pair X, Y , if O is a 
good covering of X and O r\Y is good a covering of Y. (See appendix Al.) 

An C-small Y relative singular p— 1-cycle (iSp-i, Tp_2) G Z^'^^ (X, Y) and a Y relative 
integer Cech p-cycle (S'p-i,-!, Tp_2,-i) G ^^^(X, y, O) are said compatible if they fit into 
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some Y relative Cech singular p-intertwiner {S-i^p-i,T_i^p_2', {Vk,p-i-k}j {Zk,p-2-k}] 
5p_i,_i,Tp_2,-i) e ZI^I^{X,Y,0) (cfr. eqs. (1.2.1), (1.2.3), (1.2.5)-(1.2.7)). From 
eqs. (1.2.2), (1.2.4), (1.2.8)-(1.2.10), it follows that any O-small Y relative singular 
p — 1-boundary (5'p_i,Tp_2) G Bp'^i{X,Y) is always compatible with any Y relative 
integer Cech p-boundary (5'p_i _i, Tp_2,-i) G Bp_-^^{X, Y, O) through a trivial intertwiner 
in S/^_\(X,y,0). Therefore, the compatibility relation in Z'J^^{X,Y) x Z^_^{X,Y,0) 
defined above induces a compatibility relation in i7p?^(X, Y) x Hp'_i{X, Y, O) at the level 
of relative homology. A fundamental theorem states that, when O is a good covering of 
the pair X, F, this relation is actually an isomorphism 

H;^^{X,Y) - H^_^{X,Y,0). (1.4.2) 

Its proof is analogous to that of the absolute case [34]. On account of the isomorphism 
(1.4.1), we find out that, for such coverings, Hp_i{X,Y,0) does not depend on O up to 
isomorphism. 

A Y relative de Rham p-cocycle {BP , T^~^) G Z^^{X, Y) and a Y relative real Cech p- 
cocycle (S^'~^, T^~i'~i) g Z^{X, Y, O) are said compatible if they fit into some Y relative 
Cech-de Rham p-cointertwiner (S'^'P, T-^'P-^; {O'^'P-^-'^}, {O'^'P-^-'^}; -\ T^-i "i) 
G Z/^^^(X,y,C) (cfr. eqs. (1.2.13), (1.2.15), (1.2. 17)-(1.2. 19)). From eqs. (1.2.14), 
(1.2.16), (1.2.20)-(1.2.22), it follows that a Y relative de Rham ;^coboundary (S^, Tp-^) G 
S^^(X, F) is compatible with any Y relative real Cech p-coboundary (S^'"^, T^"^'"^) 
G B^{X,Y,0) through a trivial cointertwiner in BIq^^{X,Y^O). Therefore, the compat- 
ibility relation in Z^j^{X, Y) x Z'^{X, Y, O) defined above induces a compatibility relation 
in H^jj^{X,Y) X H^{X,Y,0) at the level of relative cohomology. A fundamental theo- 
rem states that, when O is a good covering of the pair X, Y, this relation is actually an 
isomorphism 

iyf^(x,r)-iy^(x,y,0), (1.4.3) 

so that for such coverings H^{X, Y, O) does not depend on O up to isomorphism. Again, 
the proof is analogous to that of the absolute case [34] . 

5. Integrality in relative cohomology 

As is well-known, given any Abelian group G, by dualization via the functor Homz(-, 
G) of the singular chain complex of a manifold M, one can construct the singular cochain 
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complex of M with coefficients in G. When an open covering O of M is given, one can 
similarly define O-small singular cochains and Cech singular cochains with coefficients in 
G. This allows one to set up a cohomological framework that parallels completely the 
original homological one. (See refs. [34,36] for background material.) The generalization 
to the relative case is straightforward. 

Proceeding as outlined above, it is possible to introduce the relative real singular 
cohomology space Hp{X, Y) and the relative integer singular echo mo logy group H^j^{X, Y). 

The natural inclusion of the group of relative integer singular cochains into the space of 
relative real singular cochains is a cochain map. Thus, there is a canonical homomorphism 
H^j^{X^ Y) HP{X, Y) of the relative singular cohomology. Its kernel Tor^{X, Y) is the 
relative singular torsion subgroup of H^j^(X, Y). Its range H^^^^X, Y) is the relative integer 
singular cohomology lattice of Hp{X, Y). 

The above setting has faithful translation in relative Cech cohomology. Let O be a 
covering of X. The inclusion Cq^{X,Y,0) — > C^{X,Y,0) is a cochain map (cfr. sub- 
sect. 1.3). Thus, it induces a homomorphism H^j^{X,Y,0) H^{X,Y,0) of the rel- 
ative integer Cech cohomology group into the relative real Cech cohomology space. Its 
kernel Tor^{X,Y,0) is the relative Cech torsion subgroup of H^j^{X,Y,0). Its range 
Hqj^{X^ y, O) is the relative integer Cech cohomology lattice of H^{X,Y, O). 

If O is restricted to be a good open covering of X, Y (cfr. subsect. 1.4), then relative 
singular cohomology and relative Cech cohomology are completely isomorphic: 

Hl^{X,Y)^Hl^{X,Y,0), (1.5.1) 

Torl{X, Y) - Torl{X, F, 0), (1.5.2) 

iff(X,y) = if£(X,y,0), (1.5.3) 

Hl^{X,Y)^Hl^{X,Y,0). (1.5.4) 

The above isomorphisms are consistent: the isomorphisms (1.5.2), (1.5.4) are the restriction 
the isomorphisms (1.5.1), (1.5.3), respectively. Further, the homomorphism H^j^(X,Y,0) 
H^{X,Y,0) is obtained by the composition of the homomorphism H^j^{X,Y) — > 
HP{X,Y) with the isomorphisms (1.5.1), (1.5.3). The proofs are formally analogous to 
that of the isomorphism (1.4.3), though extra work must be done to show the isomor- 
phism of C-small relative singular cohomology and relative singular cohomology. Note 
that, by (1.5.1)-(1.5.4), H^^{X,Y,0), TorPciX,Y,0), H^{X,Y,0), H^^{X,Y,0) are aU 
independent from the good open covering O up to isomorphism. 
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Let O be a good open covering of X, Y. AY relative real Cech p-cocycle (S^' ^, 
XP-i'-i) e Z^{X, y, O) is said cohomologically integer if it fits into some Y relative dif- 
ferential f^cocycle (SP'-i,TP-i'-i;S*P-i'-i, T*f-2-i;SP'-i,tP-i -1) e ZD^{X,Y,0) 
(cfr. eqs. (1.2.15), (1.3.1H1.3.3)). From eqs. (1.2.16), (1.3.4)-(1.3.6), it follows that any 
Y relative real Cech p-coboundary (S^'"^, T^"^'"^) e B^{X,Y,0) is always cohomolog- 
ically integer, being part of a differential coboundary in BD^{X,Y,0). We denote by 
Z^j^{X, y, O) the subgroup of Z^{X, Y, O) formed by the cohomologically integer relative 
real Cech p-cocycles. Being invariant under translation by B'^{X,Y,0), Z^.^{X,Y,0) 
projects to a lattice of H^iX, Y, O). Clearly, Zlj^{X, Y, O) C Z^^(X, Y, O) (cfr. subsect. 
1.3) and the lattice mentioned is precisely the relative integer Cech cohomology lattice 
Hqj(^X, y, O) introduced above. 

A y relative de Rham p-cocycle (S^, T^"-*^) e Z^^{X^Y) is said cohomologically 
integer, if it is compatible with some cohomologically integer Y relative real Cech p- 
cocycle (S^'"^, T^"^'"-*^) e Z^^(X, y, C) for some good open covering C of X, y (cfr. 
subsect. 1.4). A Y relative de Rham p-coboundary (^p, T^"^) G B^^{X,Y) is always 
cohomologically integer, since it is compatible with a Y relative real Cech p-coboundary 
(S^'"^, T^-i'-i) e B^{X^ y, 0), which is necessarily cohomologically integer, for any good 
open covering O. We denote by Z'^j^^{X,Y) be the subgroup of Z^jj^{X,Y) formed by 
the cohomologically integer relative de Rham p-cocycles. Since Z'^j^^{X,Y) is invariant 
under translation by i?^^(X, y), Z^^^(X, y) projects to a lattice subgroup H^^j^{X,Y) 
of H^^{X, y). For any fixed good covering O, every cohomologically integer de Rham p- 
cocycle (S^, T^"^) G Z'^^^(X, Y) is compatible with a cohomologically integer Y relative 
real Cech j^^cocycle {EP-\Tp-^-^) G Z^^(X,y,0). Further, HPj^^{X,Y) corresponds 
precisely to the relative integer Cech cohomology lattice H(y^{X, Y, O) under the Cech-de 
Rham isomorphism (1.4.3). 

Prom (1.4.3), (1.5.3), (1.5.4) and the above discussion, one deduces the isomorphisms 

Hlj,{X,Y)^Hl{X,Y), (1.5.5) 
HIr^{X,Y)^HI^{X,Y), (1.5.6) 

the isomorphism (1.5.6) being the restriction of that (1.5.5). 
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2. The relative Cheeger— Simons diflferential characters 



Let p, X, Y satisfy the assumptions stated at the end of subsect. 1.1 and let O be a 
good covering of X, Y (cfr. subsect. 1.4). 

1. Construction of the maps /f and I2 

We now define two basic realvalued functions, ^ I2 of the appropriate relative data. 
In view of the construction of relative Cheeger-Simons differential characters, we analyze 
in detail the properties of /f , I2 ^ when the relative data are varied by trivial amounts. 
Here, we systematically use the notation (1.1.15) for conciseness. 

The first function, if, depends on the following relative data: a relative Cech singular 
p - 1-intertwiner {S-i,p-\,T--i,p-i\{Vk,p-i-k\k G Ip-i},{Zk,p-2-k\k G Ip-2}; Sp-i-i, 
Tp-2,-1) e ZI^'I^{X,Y,0) (cfr. eqs. (1.2.5)-(1.2.7)); a relative Cech-de Rham ;^coin- 
tertwiner (S-^'f , T-^'P-^; e IP'^}, {e'''P-^-''\k e /p-2}. -1^ xp-^-^) e 

Z/^^^(X,y,0) (cfr. eqs. (1.2.17)-(1.2.19)). It is given by 

p-l p-2 

I? = ^(-i)^Vfc,p-i-fe,n^'^-^-'=) - J](-i)^Zfe,^_2-fe,e'='P-2-'=). (2.1.1) 

fc=0 fc=0 

When the relative arguments are varied by arbitrary amounts (generically denoted by 
A) the variation A/f of /f is given by 

p-l p-2 

A/f = Y,i-i)'^{Vk,p-i-k,An'^^p-'-'')-J2i-^)''{Zk,p-2-k,Ae'^^p-^-'^) 

k=0 k=0 
p-l p-2 

+ J2{-^)HAVk,p-i-k, n'^^^-'-'') - J2i-^)''{^Zk,p-2-k, Q'^'P-^-'^) 

fc=0 k=0 

p-l p-2 

+ J2i-^)''{AVk,p-i-k, An'^'P-i-^) - J2i-^f{^Zk,p-2-k, m^^P-^-^). (2.1.2) 

fc=0 fc=0 

If (A5_i,p_i,AT_i,p_2;{Ayfc,p_i_J,{AZfc,p_2_fc};A5p_i,_i,ATp_2,_i) G BI^1^{X,Y, 
O) is a trivial relative intertwiner (cfr. eqs (1.2.8)-(1.2.10)) and (AS~^'P, AT"^'^"'''; 
{AQ'^'P-i-'^}, {Ae'^'P-2-'^}; ASP'-i, ATP-i'-i) e BI^^j^{X, Y, O) is a trivial relative co- 
intertwiner (cfr. eqs. (1.2.20)-(1.2.22)), one has 

A/f = (5_i,^_i,r''^-') - {T-i,p-2.v-'^'-^) 
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(2.1.3) 



The second function, I2 , depends on the following relative data: a relative integer 
Cechp-l-cycle (5p_i _i, Tp_2 -1) e Z^_-^{X,Y,0) (cfr. eq. (1.2.3)); a relative differential 
i^^cocycle (Sf'-i, Tf-^'-i; T*f-2'-i; S^'-i, fp-i'-i) e ZDP.{X,Y,0) (cfr. eqs. 

(1.3.1)-(1.3.3)). It is given by 



I2 = (-l)^-'[(Vi,-i,S*^~''"') - (rp-2,-i,T*P-''-') 



(2.1.4) 



When the relative arguments are varied by arbitrary amounts (again generically denoted 
by A), the variation AI2 of if is given by 



A/f= (-1)^-1 [(5p_i,_i,AS*^'-i'-i)-(Tp_2,-i,AT*P-2'-i) 



+ (A5p_i,_i,S 



'^*p-i,-i\ _ 



-2,-l\ 



-2,-l\ 



(2.1.5) 



If (AS'p-i -1, ATp_2 -1) G S^_i(X,y,C) is a relative Cech boundary (cfr. eq. (1.2.2)) 
and (ASP'-i, ATP-i'-i; AS*P-i'-i, AT*P-2 -1; ASP'-i, Afp-i -1) e SL>^(X,y,C) or 
ZD^^{X,Y,0) is either a relative differential coboundary or a torsion relative differential 
cocycle (cfr. eqs. (1.3.4)-(1.3.6)), then 

A/f = - (-l)f-i[(5,_i,_i,e^-i.-i) - (Tp_2,-l,^;^-^'-^) 
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+ (-ir ' 



+ {sp,_^,Se-''-') - - 5vP-^'-')]. (2.1.6) 

Let (5p_i,Tp_2) e Z*^i(X,y), (Sf,TP-i) e Z^^^^l^'^) be respectively an O-small 
relative singular p—l-cycle (cfr. eq. (1.2.1) and subsect. 1.2) and a cohomologically integer 
relative de Rham p-cocycle, (cfr. eq. (1.2.13) and subsect. 1.5). From the discussion of 
subsects. 1.4 and 1.5, we can carry out the following construction. 

{Sp-i, Tp-2) can be extended to some relative Cech singular 1-intertwiner {S-i^p-i, 
T_^,p-2;{Vk,p-i-k},{Zk,p-2-khSp.i,.i,Tp_2,-i) e ZI^1,{X,Y,0) (cfr. eqs. (1.2.5)- 
(1.2.7) and subsect. 1.4). By standard Cech singular techniques, one easily sees that 
the intertwiner {S-i^p-i,T_i^p_2; {Vk,p-i-k}, {Zk,p-2-k}; Sp-i-i,Tp_2-i) is defined up 
to a trivial relative Cech singular intertwiner of the form (1.2.8)-(1.2.10) with s_i^p = 0, 
t-i,p-i = 0. 

(-^p x^'~^) can be extended to some relative Cech-de Rham p-cointertwiner (S"^'^', 
r-^,P--i-.{Qk,p-i-ky^ |Qfc,p_2-fc|.2P,-i^ Yf-i'-i) e ZI^^j^{X,Y,0) (cfr. eqs. (1.2.17)- 
(1.2.19) and subsect. 1.4). By the standard Cech-de Rham techniques, it is easy to see 
that the cointertwiner (S'^'P, T'^'P-^; {Q^'P-^-'^}, {e'^'^-^-'^}; "i, Tp-^'^) is defined 
up to a trivial relative Cech-de Rham cointertwiner of the form (1.2.20)-(1.2.22) with 

As (EP,TP~^) is cohomologically integer, the relative real Cech p-cocycle {EP'~^, 
XP-i'-i) e Z^^{X,Y,0) is cohomologically integer as well (cfr. subsects. 1.5). Then, 
(pP'~^,TP~^'~^) fits into some relative differential p-cocycle (sp.-i^ X^"-^'"-^; S*p~^'~^, 
T*P-2 -i,tP-i'-i) e ZD^(X,y,0) (cfr. eqs. (1.3.1)-(1.3.3) and subsect. 1.5). As 
(EP'~^, TP~^'~^) is defined only up to a relative real Cech coboundary of the form (1.2.16), 
the relative differential cocycle (sp -1, Tp-^-I; 2*^-^ -\ t*^-^ -i; SP'-^ tP-^-i) is de- 
termined up to a torsion relative differential cocycle of the form (1.3.4)-(1.3.6). Indeed, 
when the relative Cech torsion Tor^(X, y, O) is non vanishing, the cohomology class of the 
relative integer Cech cocycle (SP'~^, Tp~^'~^) in Hq^{X, Y, O) is not uniquely fixed by that 
of the relative real Cech cocycle (S^'"^, Tp~^'~^) in H^{X, Y, O) and, thus, the ambiguity 
of the relative differential cocycle is not in general a relative differential coboundary. 
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Using the relative homological and cohomological data obtained in this way from 
{Sp-i,Tp_2) and (Sf,Tf-i), we set 



/0 = /f + /f. (2.1.7) 

Since, however, those data are not determined by (5'p_i,Tp_2) and (rP,T'P~^) in unique 
fashion, as explained above, l'^ is affected by an ambiguity AI^ which we are now going 
to compute. 

Prom the above discussion, by inspection of (2.1.3), (2.1.6), it appears that the rele- 
vant ambiguities of the definition of the relative intertwiner {S-i^p-i, T_i p_2; {Vk.p-i-k}, 
{Zk,p-2-kh Sp-i-i,Tp-2-i), the relative cointertwiner (s-1-p, T-^'P-^; {Q^^p-^-''}, 
{e'^'P-^-fc}; TP-i'-i) and the relative differential cocycle {Ep-^,Tp-^-^; E*p-^-^, 

xp-i,-!) aj-g those parameterized by the relative integer Cech chain (sp,_i, 
tp-i^-i), the relative real Cech cochain (^p~^'~^ ,vP~'^'~^) and the relative real Cech 
cochain (^^~^'~^, vP~^'~^) subject to the condition that the relative coboundary {5^p~^'~^, 
-1 _ 5^P-2 -1) is integer (cfr. (1.2.8)-(1.2.10), (1.2.20)-(1.2.22) and (1.3.4)-(1.3.6) 
and the previous discussion). The crucial point to be noted here is that the relative 
Cech cochain {^'^~^'~^, vP~'^'~^) parameterizing the ambiguity of the relative Cech cocycle 
(E]P'~i, T^"^'"^) is the same for both the relative cointertwiner and the relative differen- 
tial cocycle. Taking this into account, from (2.1.3), (2.1.6) with S-i^p — 0, = 0, 
^ y-i,p-2 ^ gj^j ^Yiat 



A/^ = {-i)P-^^{Sp_,,_,,e-'^-^) - {Tp-2,-uv 
+ {sp,-^,EP'-') - {tp-^,-,,fP-''-') 

+ SiP-''-') - r^P-i'-i - 6vP-^'-')] . (2.1.8) 

AI^ is clearly non zero in general. Thus, /'-^ is not unambiguously defined. However, the 
above expression suggests that, under certain conditions, AI^ might be integer valued. In 
such would be unambiguously defined modulo integers. 

If {^P~^'~^,vP~'^'~^) were an relative integer Cech cochain, AI^ would be integer. 
However, because of torsion, the relative Cech cochain vP~'^'~^) is real, being only 

subject to the condition that the relative coboundary (5^P~^'~^,i*^P~^'~^ — 5vP~'^'~^) is 
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integer. So the first two terms of the right hand side of (2.1.8) and, thus, A/^ are generally 
not integer valued. 

If we insist that A/*^ be integer, we have to restrict the ambiguity inherent in the 
choice of the differential cocycle (SP'-^ Tp-^-I; -\ T*^-^ -i; fp-'^-'^) which 

is responsible for the non integrality of ,vP~'^'~^). This can be achieved in two 

steps. 

We first restrict the choice of the relative integer Cech cocycle (S^'-i, T^-i'-i) by 
fixing its cohomology class in y, (9) among those classes of F, 0) whose 

image in H^{X, Y, O) is represented by the relative real Cech cocycle (S^'"^, Tp~^'~^) (cfr. 
subsect. 1.5). By inspecting (1.3.4)-(1.3.6) for given {^p~^'~^ ,vP~'^'~^), it is easy to see 
that the relative real Cech cochain (^^'~-'^'~^, -0^"^'"^) is restricted in this way to be integer 
up to a relative real Cech cocycle. 

Such a cocycle parameterizes the set of the possible choices of the relative real Cech 
cochain "i, T*^-^ "i) for given (S^ -\ TP"^-^), (S^ t^'"^ "i). It is natural to 

identify two choices of T*^~^'~^) if they yield the same value of modulo 

integers for all (5p_i,Tp_2) G Z^^^{X,Y). From (2.1.8), on account of (1.2.3), it is 
apparent that two choices of (s*p~^'~^, T*^"^'"^) are equivalent when their difference is 
a cohomologically integer relative cocycle (cfr. subsect. 1.5). Thus, the set of equivalence 
classes of choices of (E*p~^'~^, T*^'"^'"^) is parameterized by the quotient Z^~^(X, Y, O)/ 
Z'q^ (X, y, O) or, what is the same, by the relative Cech cohomology torus Hq~^{X, Y, O) / 
H^~^^{X,Y,0). From its definition, it is clear that the parametrization is non canonical, 
depending on an arbitrary choice of a reference relative Cech cochain (S*^~^'~^, X*^'"^'"-'^) 
corresponding to the origin of the torus. 

We next restrict the choice of the relative real Cech cochain (5*p-1:-i^ X*^"^'"-*^) by 
fixing its image in H^~\X,Y,0)/ H^~\X,Y,0). 

The relative real Cech cochain ,vP~'^'~^) is finally restricted to be integer up 

to a cohomologically integer relative cocycle. From (2.1.8), using (1.2.3) again, it follows 
then that, once the above choices are made, the ambiguity A/*^ is integer valued. 

Recalling the isomorphisms of singular, de Rham and Cech cohomology discussed 
in sect. 1.5, we conclude that we can unambiguously define a family of maps <1>^ : 
Z;^,{X,Y)^R/Zhy 

^'^{S,T;E,T)=I^ modZ, (2.1.9) 

for (5'p_i,Tp_2) e Zp^i(X, y), depending on a choice of a relative integer singular coho- 
mology class in H^j^{X, Y), a representative (S^, X^"-*^) e Z^Rzi-^^ ^) image of such 
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class in H^j^^{X,Y) shown explicitly and a point in the relative de Rham cohomology 
torus Hl~^{X,Y)/Hl~l{X,Y). From (2.1.1), (2.1.4), (2.1.7), (2.1.9), it appears that 
is Z linear in the first argument. 

When (S'p-i, Tp_2), {'EP,T'p~^) are shifted by amounts given by the right hand sides 
of (1.2.2), with t-i^p-i C-small, and (1.2.14), respectively, one has 

A$^(5,T;S,T) = (5_i,p_i,r''^-') - (T_l,p_2,^;-^'^-2) 

+ de-''^-') - re-^'^-' - mod Z, 

(2.1.10) 

as follows readily from (2.1.3). 

For reasons explained above, the H^]^^{X,Y)/H^^^{X,Y) parametrization of the 
maps is not canonical. The changes of the parametrization are in one-to-one corre- 
spondence with the shifts in the relative de Rham cohomology torus. By the isomorphisms 
of de Rham and Cech cohomologies of subsects. 1.4, 1.5, any such shift is represented equiv- 
alently by either a relative de Rham cocycle (n~^'^~^, E"^'^"^) defined up to cohomolog- 
ically integer relative de Rham cocycles or a relative real Cech cocycle (11^"^'"^, S^"^'"^) 
defined modulo a cohomologically integer relative real Cech cocycle. The variation of 
$^(5', T; S, T) caused by the shift is given by 

A$<^(5, T; S, T) = (-l)P-i [( n^"''"') - {Tp-2,-1, EP-^'-^)] mod Z, (2.1.11) 

as follows from the first two terms of (2.1.8) with ,vP~'^'~^) replaced by (n^~^'~^, 

5]P-2,-i), It is straightforward to show that 

A^'^iS, T; S, T) = - n-i'^'-i) - (T_i,p_2, S-^'P-^)] mod Z. (2.1.12) 

Indeed, consider the function /f, eq. (2.1.1). If we vary the Cech-de Rham p-cointertwiner 
(^'^-i,P^y-i,p-i.^Qk,p-i-k^^ |0fc,p-2-fc|.2P -i^XP-i'-i) by a vanishing amount {AE'^'P, 
^y-i,p-i. {^Qk,p-i-ky^ |^Qfe,p_2-fe|.^2P-i^^YP-i -1), then A/f = trivially. On 
the other hand, the totally vanishing trivial Cech-de Rham p-cointertwiner can be writ- 
ten in the form (1.2.20)-(1.2.22) with {^-^'P-^ ,v-^'P-^) = (^-l'^'-^ S-^'^-^), (C^-^'-\ 
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= -1) for suitable Cech-de Rham cochains lo^^p-"^-^, Qk,p-3-k_ 

So, by (2.1.3), A/f = is given by the difference of the two above expressions. 

2. Dependence of on covering choices 

It is important to compare the result of the above construction for two choices of 
the underlying good open covering of X, Y, 0{1), 0{2). The basic ideas consists in 
constructing suitable sequences of Cech (co)chains of the covering U 0{2) (disjoint 
union) interpolating between the given Cech (co)chains of the individual coverings 0(1), 
0(2). 

To this end, we explicitly indicate the Cech degree with respect the two coverings. 
So, Uk^i^m say, is a Cech singular chain of Cech degree /c, I with respect to 0(1), 0{2), 
respectively, and dimension n. Similarly, A'^'''"^, say, is a Cech-de Rham cochain of Cech 
degree k, I with respect to 0{1), 0{2), respectively, and form degree n. Accordingly, we 
have two operators (3i, f32 defined as in (1.1.7) and obeying (1.1.8). Similarly, we have 
two operators 5i, 82 defined as in (1.1.12) and obeying (1.1.13). Further, the pairs 5i 
and /?2, S2 independently satisfy the duality relations (1.1.17). Conversely, we have just 
one operator b and one operator d, which are the same as before and satisfy the duality 
relations (1.1.16). 

A Cech singular chain Uk,i,n is a Cech singular chain of 0{1) U 0{2) of Cech degree 
k + l + 1. A Cech singular chain of the form Uk,-i,n {U-i,i,n) can be identified with a Cech 
singular chain ul^^_-^ ^ (U^-i i n) ^(1) (^(2)) of Cech degree k (l) having the property of 
being 0(2)-small (0(l)-small). The operator P appropriate for the Cech singular chains 
of 0(1) U 0(2) is the sum f3i + (-l)'i^s(i)+i^2 while that for the Cech singular chains of 
0{1) (C(2)) is (3i {(32)- Similarly, a Cech-de Rham cochain A'^'''" is a Cech-de Rham 
cochain of 0{1) U 0{2) of Cech degree k + l + 1. A Cech-de Rham cochain of the form 
can be identified with a Cech-de Rham cochain A^^^ (^(2) °f ^(1) 
((9(2)) of Cech degree k (l). The operator 6 appropriate for the Cech-de Rham cochains 
of C(l) U 0{2) is the sum Si + (-l)'i<'g(^)+^52 while that for the Cech-de Rham cochains 
ofC»(l) (0(2)) is Si {S2). 

When stating that a sequence of (co)chains forms a relative (co)chain, (co)cycle, 
(co)boundary, (trivial) (co)intertwiner etc. it is necessary to specify the underlying covering 
and the relevant (3 or S operators. If no label is attached to the (co)chains, it is under- 
stood that the covering is 0{1) U 0{2) and the /? or 5 operators are /?i + (-l)'^®s(i)+i^2^ 
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5i + {—1)^^^^^^'^^52. If the label 1 (2) is attached to the (co)chains, it is understood that 
the covering is 0{1) {0{2)) and the (3 or 5 operators are /?i (/32), 5\ {52)- 

Set Jr = {{k,l)\k,l eZ,0 <k,l, Q <k + l <r}, Kr = {k\k e Z,Q < k < r}, r e N. 
We say that a sequence of chains (5'_i^_i^p_i, T_i,_i^p_2; {Vfc^i^p-i-jt-zK/c, G Jp-i}, 
{Zk,i,p-2-k-i\{kJ) e Jp-2};{Sk,p-i-k,-i\k e Kp-i},{Tk,p-2-k,-i\k e Kp-2}) interpo- 
lates two relative Cech singular p — 1-intertwiners {S'^i^-i^p-iiT^^_^^p_2;{V^^\p_-^_j^\ 

k G /p-i}, p_2_jt|/c G Ip-2}] Sp}i^_i^_i, T^_2,-i,-i)' ('5'-i,-i,p-i! 2^11,-1,^-2; 

{y%,p-i-k\k ^ Ip-i}AZ%,p_2-k\k ^ Ip-2};S%_,^_,,^^^^^ (cfr. eqs. (1.2.5)- 

(1.2.7)), if S'_i,_i,p_i, Vk,i,p-i-k-l, Sk,p-i-k,-i are Cech singular chains of X, T_i,_i,p_2, 
Zk,l,p-2-k-l, Tk,p-2-k,-i are Cech singular chains in Y and 

5_i,_i,p_i = /?i/?2Vb,o,p-i, (2.2.1a) 
T-i-i,p-2 = — /?i/52-^o,o,p-2, (2.2.16) 

bVk,l,p-l-k-l = PlVk+l,l,p-2-k-l + (-l)^"^^/32Vfe,/+i,p_2-fe-« 

+ {-l)k+i+H^Zk,i,p-2-k-l, 0<k,l, 0<k + l<p-2, (2.2.2a) 

bZk,l,p-2-k-l — PlZk+l,l,p-3-k-l + { — ^)''~^^ P2Zk,l+l,p-3-k-l, 

0<k,l, 0<k + l<p-3, (2.2.26) 
Sk,p-i-k,-i = ^Vfe,p_i_fc,o, (2.2.3a) 
Tk,p-2-k-i = -{-'^T~^bZk,p-2-k,o, (2.2.36) 



with 



'S'i"^i,_i,p_i = -S'_i,_i,p_i, = S'_i,_i,p_i, (2.2.4a) 

T'lV,-l,p-2 = ^-1 ,-l,p-2, rl^i,_i,p_2 = T'_i,_i,p_2, (2.2.46) 

^fe,-i,p-i-fc = P2Vk,Q,p-i-k, V^^^,^p_^_^. = {-!)'' PiVo,k,p-i-k, 

0<k<p-l, (2.2.5a) 
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0<A;<p-2, (2.2.56) 

Sfli,-i,-i = P2Sp-i,o,-u = i-ir-'PiSo,p-i,-i, (2.2.6a) 

= /52Tp-2,o,-i, t!?^p-2,-i = (-l)^-'/5iTo,p-2,-i. (2.2.66) 

It is straightforward to check that the above relations are compatible with the relations 
(1.2.5)-(1.2.7) obeyed by the relative Cech singular intertwiners. 

For r e N, define = {ik,l)\kj E < kj, -1 < k + I < r}, = {k\k e 

Z, —1 < k < r}. We say that a sequence of cochains (E~'^'~'^'P,T~^'~^'P~'^; 
{k,l) e J^'-2},{0'='^'P-3-'=-^|(A;,/) G JP-3};{S'^'f-i-'=-i|fc e KP}, {T'='f-2-fc-i|A; e 

i^P~^}) interpolates two relative Cech-de Rham p-cointertwiners (S^-j^^' ^'^,T^-,^^' ^'^ ^; 

^^.,-i,p-i-/=l^ G /p-i}, {e'^i-''^-'-'\k G 1^-2}; T[-^'-^'-^), (s-5'-^'^ 

T-;'-^'^-^{n-;''^'^-^-'=ifc G /p-i},{e^,;'^'^-^-^|fc G /p-n;S(,;'^'-\T-;'^-^'-^) (cfr. 

eqs. (1.2.17)-(1.2.19)), if E'^-^^p-^, ^k,i,p-i-k-i ^ ^k,p-i-k,-i ^^^.^ Cech-de Rham co- 
chains of X, T~^'~^'^'~^, Qk,i,p-2-k-i^ j^k,p-2-k,-i Cech-de Rham cochains in Y and 

^^s-i.-i.p = dn-^'^'P~^ (2.2.7a) 

^^-Y^-l ^ _^qO -l,p-2 ^^*j^0 

^^-^-1,-1,^-1 ^ _^Q-i,o,p-2 ^ .*^-i,o,p-i^ (2.2.76) 

^^k,l,p-2-k-l ^ ^^j^fc-l,/,p-l-fc-/ ^ ^_-^^k+lg^Qk,l-l,p-l-k-l ^ 

-l<k,l, 0<k + l<p-2, (2.2.8a) 

(lQk,l,p-3-k-l _ ^^Qk-l,l,p-2-k-l _|_ ^_2)fe+l(J20'^'^~^'P~2-fe-Z 

+ (_l)fc+'+ii*nfc,^.p-2-fc-i^ -l<k,l, 0<k + l<p-3, (2.2.86) 
^2fe,p-i-fc -1 ^ ^^^k-i,p-i-k,o ^ ^_-^^fe+i^^j^fe,p-2-fc,o^ (2.2.9a) 
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+ (_l)p-l^*J]fc,p-2-M^^ (2.2.96) 

with 

S-J'-^'P = S-i'-i'^ S-J'-^'P = S-i'-i'f , (2.2.10a) 

Y-i.-i.p-i = T-J'-^'P-' = r-^>-hp-\ (2.2.106) 

^W^'""'"'' = 0^25''='^-^"'= = < /c < p - 1 (2.2.11a) 

Qfe,_l,p_2-fc ^ Qfe,_i,p_2_fc^ g^_i,fc,p_2-fe ^ Q_i,fc,p_2-fc^ < /c < p - 2, (2.2.116) 

= = (2.2.12a) 

^ ^ (2.2.126) 

^ . It is straightforward to check that the above relations are compatible with the relations 
(1.2.17)-(1.2.19) obeyed by the relative Cech-de Rham cointertwiners. 

Using the interpolating sequences of (co)chains introduced above, one defines for < 
k<p-2 

k 

Sik = j2{nk-i,p-i-k,Siii'-''''-''p-'-'' + (-i)'+i52i]''^-'-^'^-^-^) 

1=0 

k 

+ Y,{Zi^k-l,p-2-k, ^^Ql-i,k-l,p-2-k ^ ^_-^y+i^^Qi,k-i-i,p-2-ky (2.2.13) 

1=0 

Using the relations (1.1.16), (1.1.17), (2.2.2), (2.2.8), (2.2.5), (2.2.11), one finds that, for 

l<k<p-2, 

i-^)'{vi%,,-,-k,^t^'''-'-')-i-^r{^^^^^^^ 

+ 5u-5ife_i =0. (2.2.14) 



^ In these formulae, it is assumed conventionally that any Cech-de Rham cochain 
^k,l,m _ Q -w^henever k, I do not satisfy the restrictions listed at the beginning of this 
paragraph. 
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Hence, 



fe=l k=l 

p-2 p-2 

E( nfe/T/(^) o-l,fe,P-l-fe\ 1 Y^/ l\fc/7(2) C\-l,fc>P-2-fc\ 

\»/_i,fc,p_i_fe,"(2) / + Z^l--LJ \^_l,fc,p_2-fc' '-'(2) / 

fc=l fc=l 

+>Sip_2 - -5io = 0. (2.2.15) 

From the definition (2.2.13), using (1.1.17), (2.2.5), (2.2.11) with /c = 0, one easily sees 
that 

q _ /T/(i) qO,-i,p-1\ , /^(i) ci0,-i,p-2\ 

+ {V%^p-i^ni^''''-') - {Z%,p-2,Ql2)'^'-')- (2.2.16) 

Further, from the definition (2.2.13), using (1.1.16), (1.1.17), (2.2.2a), (2.2.5a), (2.2.8), 
(2.2.11a), one finds 

p-i 

Slp-2 - 5^(yfc,p-l-fe,0, + (-l)'=+l52n'='^-2-'='°) 

fc=0 

p-2 

+ J2iZk,p-2-k,0, S^Q^-^^P-^-'^'O + (-l)k+l§^Qk,p-3-k,0 ^ ^_-^y-l.,^k,p-2-k,0s^ 

k=0 

+(-ir^^p^-l-i,o,^^?iV'"''") - (-ir^^i?,p-i,o,^^r25''"''")- (2.2.17) 

Let I^^^^ {I^^'^^) be constructed according (2.1.1) using the above (co)intertwiners marked 
by the label 1 (2). Substituting (2.2.16) and (2.2.17) into (2.2.15) and using (2.2.3), (2.2.9), 
one finds 

jOi2) _ ^o(i) ^ J2{Sk,p-i-k,-u S^'^-^-^'-^) - Y.iTk,p-2-k,-u (2.2.18) 

fc=0 fc=0 

We say that a sequence of chains {{Sk,p-i-k,-i\k G Kp_i}, {Tk^p-2-k,-i\k G Kp_2}) 
interpolates two relative integer Cech p — 1-cycles {S^}^ -i -v '^p-2 -i -i)' ("^-i p-i -i' 

(2) 

T_-[p_2_i) (cfr. eqs. (1.2.3)), if Sk,p-i-k-i are integer Cech chains of X, Tk,p-2-k,-i 
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are integer Cech chains in Y and 



Q<k<p-2, (2.2.19a) 
- (3iTk+i,p-3-k,-i - (-l)'=+V2Tfe,p_2-fe,-i = 0, 0<k<p-3, (2.2.196) 



with 



Sp]li_i_i - P2Sp-ifi-i, -S'i\^^p_i _i - (-1)^ Vi'S'0,33-1,-1, (2.2.20a) 
T«2,-i,-i = /32Tp-2,o,-i, T%_,^_, = (-l)^-2/3iTo,^_2,-i. (2.2.206) 

The above relations are compatible with the relations (1.2.3) obeyed by the integer Cech 
cycles. 

We say that a sequence of cochains ({S'^'P"^"^'"^ |/c E Rp}, {T'''^'~^~^'~^|A; G Kp~'^}; 

|^;^*fe,p-2-fe,-l|^ g j^p-ly^ ^'Y*k,p-3-k,-l^j^ g ^p-2|. j'^fe,p-l-fc,-l |^ ^ | Y'^'P-^-fe,-! | 

A; e K^"-*^}) interpolates two given relative differential p-cocycles {E^['^^'~^ ,T'^^^^'~^'~^; 

^*p-l,-l,-l ^*p-2,-l,-l. Ap,-1,-1 ^p-l,-l,-lx /,^-l,p,-l n^-l,p-l,-l_ ,^*-l,p-l,-l 
"(1) ' -^(1) ' "(1) ' -^(1) ^ ^2) ' -^(2) ' "(2) 

^*-i,p-2,-i.^-i,p,-i^^-i,p-i,-i^ (cfr. eqs. (1.3.1)-(1.3.3)), if 

are real Cech cochains of X, '^k,p-i-k,-i integer Cech cochain of X, fk,p-2-k,-i ^ 

Y*fe,p-3-fc,-i Cech cochains of Y, 'fk,p-2-k,-i integer Cech cochain of Y 

such that 

g^^k-i,p-k,-i ^ ^_^^k+ig^^k,p-i-k,-i ^ -1 < A; < p + 1, (2.2.21a) 

^*'^fe,p-l-fc,-l _ ^^Yfe-l,p-l-fc,-l _ ^_2-jfc+l^^Yfe,p-2-fc,-l _ 

-l<k<p, (2.2.216) 

^^';:j*fe— l,p— 1 — fc, — 1 _j_ ^ ^^''■+1(^2 *'^'P~^~''''~^ 'Srfc)P~l~fe;~l "kjp—l — k, — ! 

-l<k<p (2.2.22a) 

^*r-n*/;^p_2— fe, — 1 ^^'Y'*fc — l,p— 2— fe, — 1 ^ -j^^k+l ^^'^*k,p—3—k, — l 
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^fk,p-2-k,-l _yk,p-2-k,-l^ -l<k<p-l, (2.2.226) 

^ ^_-^^k+ig^^k,p-i-k,-i ^ -l<k<p+l, (2.2.23a) 

^♦■^/CjP-l-fc,-! _ ^^yk-l,p-l-k,-l _ ^_-^-^k+l ^_^j-k,p-2-k,-l _ 

-l<k<p, (2.2.236) 



with 



^(1) ' "(2) 



(2.2.24a) 

^ ^ (2.2.246) 

_ ^*-i,p-i,-i _ ^2 2 25a) 

Y*p— 2,— 1,— 1 _ 2,— 1,— 1 Y*~i'P~2,— 1 _ 2,— 1 ^2 2 256) 

= SP'-^'-\ S-J'^''-^ = E-^'P'-\ (2.2.26a) 
^ ^ (2.2.266) 

(cfr. footnote 1). It is straightforward to check that the above relations are compatible 
with the relations (1.3.1)-(1.3.3) obeyed by the relative differential cocycles. 
Using the interpolating sequences of (co)chains just introduced, one defines 

p-i 

S2 = J2(^k,p-l-k,-l,S,E*''-''P-'->''-' + ^-l)k+l^^^*k,p-2-k,-l^ 
p-2 

-2]](Tfe,p_2_fe_i,i*S*^'P-2-'=-l -5lT*'=-^'^-2-fc-l - (^_l^k+lg^^*k,p-3-k,-ls^^ 
fe=0 

(2.2.27) 

Using (2.2.22), one has immediately 

p-l p-2 



-2-k,-l\ 



S2 = - J2(Sk,p-i-k,-u E'^'P-'-"'-') + J](Tfc,p_2_fe,_i, T^'^- 

k=0 k=0 
p-l p-2 

+ Y;^{Sk,p-i-k,-u S'='^-i-'='-i) - J2{Tk,p-2-k,-u t'='^-2-'='-i). (2.2.28) 



fe=0 fc=0 
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On the other hand, using (1.1.17), (2.2.19), (2.2.20), (2.2.25), one finds 



— ^\0_-j^ p_i _i,^^^^ ; - \-i_l^p_2,_i, -I- (2) / 

-{SlX-i,-i^^l!)~''~''~') + {T^%,-i,-i^^l!)~"'~''~% (2.2.29) 

Now, we note that 

L 

]{Sk,p-i-k,-u E'^'P-'-'^'-') - J2{Tk,p-2-k,-u f'^'P-^-"'-') = mod Z. (2.2.30) 



p-l p-2 

E' 

k=0 k=0 



Let l2^^^ (-^2^^^^) be constructed according (2.1.4) using the integer Cech cycle and the 
differential cocycle marked by the label 1 (2). From (2.2.28), (2.2.29), one has then 

^0(2) ^ _J2{Sk,p-i-k,-i.^'^'-'-''-') +'f,{Tk,p-2-k,-i, T'^'--^-^'-^) mod Z. 

fc=0 A;=0 

(2.2.31) 

Let (5p_i,Tp_2) e Zp^f^(X,r), (SP,TP-i) e Z^j^^{X,Y) be respectively an C>(i)- 
small relative singular cycle, ^ = 1, 2, (cfr. eq. (1.2.1) and subsect. 1.2) and a cohomo- 
logically integer relative de Rham cocycle (cfr. eq. (1.2.13) and subsect. 1.5). Let us now 
repeat the construction described in sect. 2.1 individually for each of the covering 0{i). 

Then, the relative singular cycles (-Si^^ t1.V _i p_2) = (-S-i T_i _i,p_2), 

{S^l _l p_l,T^^ _-^^ p_2) = (/S-i^-i^p-i, T_i^_i^p_2) extend to Cech singular intertwiners 

(qW ' 7^(1)' ' .rT/(i) 1/7(1) i.q(i) T^i) ^ r<?(2) 

W-i,-i,p-n -i,-i,p-2n ^k,-i,p-i-kh\'^k,-i,p-2-kh'^p-i,-i,-n ■^p-2 -1,-1)1 

T^X-i,v-2i{y%,p-i-k}AZ%,p-2-k}iS%,-,,-,^^^^^^ defined up to shifts by 

trivial intertwiners leaving (5*1^^ _i Ti\-' _i p_2), (5"!^^ _i Tl^f* _i ,p_2) unchanged, 
respectively, (cfr. subsects. 1.4 and 2.1). 

In similar fashion, the relative de Rham cocycles (S^^'~^'^, T^^'~^'^~^) = (E]"^'"^'^, 
(S^25'"^'^'^(2)'"^'^~^) = (^2-i'-i'P,T-i'-i'f-i) extend to Cech-de Rham 
cointertwiners (S^^^-^'^ T'^'-^'^-^ {0^-^'^-^"^, {Of-^'^-^-^}; Tfi-^^'"''-^), 

(S-^'-^'^T-J'-^'^-^ {n^25'''""'"'}.{er2;'''""'"'}; ^'^2f^~\^^2f~"^~") defined up to 
shifts by trivial cointertwiners leaving (S|^^'~^'^, T|^^'~^'^~^), (S^^'""^'^, T^^'"^'^""^) 



un- 



changed, respectively, (cfr. subsects. 1.4 and 2.1). In turn, the cohomologically integer real 
Cech cocycles (S^^^"*^'""*^, T^'-^^"'^'^"'^'^"'^), (S^^'^'""*^, T^^'^""*^'""*^) so obtained extend to relative 
differential cocycles (S^i-^'-\ TJ^^ '-^'-^ S*f-i'-i'-\ T*^-^'-^'-^ t^i^^'"^'-^), 
(=^4'"'"'' ^^25''"''"'; =5''""''"'' T(2V'"-''-'; 2^25'"'"'. ^^25''"''"')' defined up to shifts 
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by torsion differential cocycles leaving ,T^^~^^'~^'~^), (S^^'^'"^, T^^'^""'^'""'^) un- 

changed, respectively, (cfr. subsects. 1.5 and 2.1). 

Using the above two sets of relative data, we can compute /'^(*) , z = 1, 2, using (2.1.7). 
Since the choice of the relative data is not unique, J'^^*) is affected by an indetermination 
given by (2.1.8). 

Next, our aim is to evaluate the difference /'-'(^) modulo integers by construct- 

ing suitable interpolating sequences between the relative data of the two coverings involved 
and exploiting the results (2.2.18), (2.2.31). In order to do that, we have first to find out 
under which conditions such sequences do indeed exist. 

Let us assume that (>si\\_i,p_i, TlV,_i^p_2; {T4^.^2i,p_i_ J, {zj^\p_2-k}'^ ^p-i-i-i^ 
rpW \ /q(2) ^(2) .rT/(2) 1/7(2) ..^(2) ^(2) ^ 

■^p-2,-1,-1): -^-1,-1,^-25 \V-l,k,p-l-kh\'^-l,k,p-2-kh -'--l,p-2,-l) 

are two relative Cech singular p — 1-intertwiners (cfr. eqs. (1.2.5)-(1.2.7)) such that 
(5i\^,_i,p_i,T!V,_i,p_2) = (5it-i,P-i'^-i,-i,p-2)- Then, after possibly shifting the in- 
tertwiners by trivial intertwiners (cfr. eqs. (1.2.8)-(1.2.10)) preserving this condition, 
there exists a sequence of chains {S-i-i,p-i,T-i-i,p-2;{Vk,i,p-i-k-i},{Zk,i,p-2-k-l}; 
{Sk,p-i-k,-i}i {Tk,p-2-k,-i}) interpolating the intertwiners, i.e satisfying (2.2.1)-(2.2.6). 

Here is a sketch of the proof. We begin with noting that, if Uk,i,n is a Cech singular 
chain with n > — 1 such that PiP2Uk,i,n = 0, then there are Cech singular chains Uk+i,i,nj 
Uk ,l+l,n such that Uk,l,n = PlUk+l,l,n + {-l)''+^^2Uk ^i+i^n- This follows from the triviality 
of the (32 homology for 0(1), (9(2)-small chains, respectively, when n > —1 and the 
fact that, if either A; < — 1 or / < —1, then Vk,i,n — for any Cech singular chains Vk i n- 
Set 

'S'-i.-i.p-i = S^}l_^^p_^ = 5'i^i\_i,p_i, (2.2.32a) 
T_i _i,p_2 = T^}l_i^p_2 = T^l-i,p-2- (2.2.326) 
Then, (/S-i^-i^p-i, T_i^_i^p_2) is a relative singular p — 1-cycle, 

bS'-i - i^T_i_i^p_2 = 0, (2.2.33a) 

- 6T_i,_i,p_2 = 0. (2.2.336) 

Hence, there is a chain Vb,o,p-i of X and a chain .^o,o,p-2 of Y satisfying (2.2.1). By 
substituting (2.2.1) into (2.2.33), one finds that (2.2.2) holds for k, I = for some chains 
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Vi,o,p-2, l^o,i,p-2 of X and ^i,o,p-3, ^o,i,p-3 of Y. The proof of (2.2.2) is completed by a 
straightforward induction on the value of A; + Z. Sk,p-i-k,-ij T]^,p-2-k,-i ^tre then defined 
according (2.2.3). Next, one verifies that relations (2.2.4)-(2.2.6) define two relative Cech 
singular p- 1-intertwiners extending (5i\\_i tIV _i ^.2), (^i\\_i,p_i, tI^i _i,p_2)- 
Thus, these intertwiners must equal the original intertwiners up to trivial shifts preserving 
(^iV,_i,p_i,TlV,-i,p-2), {S%_^^p_^,T^^l_^^p_2) (see the discussion of subsect. 1.4). 

The sequence of chains {{Sk,p-i-k,-i}, {Tk,p-2-k,-i}) interpolates the integer Cech 
cycles (4'_V_i,_i, T^^,-!,-!), (^iVi,-!' ^-i,P-2,-i)' i-^- it satisfies (2.2.19)~(2.2.20). 
These statements are straightforwardly verified. 

Assume that 0{1) U 0{2) is a good covering of the pair X, Y and that (S^^'"^'^, 
"f-i,-i,p-i. ro'='~i'P~i~^l JA'='-i'P-2-fcT . .^p,-i,-i opp-i,-i,-iN ('^-i,-i,p 

-^(1) 5 J'l'^(l) J' "(1) ' (1) *^"(2) ' (2) ' 

{Vt'^^^'^'^~^~^} , {Q~f^2)^'^~'^~^}', ■^(2)'^'~^7 """(2)'^"^'"^) ^"^^ two relative Ccch-de Rham p-co- 
intertwiners (cfr. eqs. (1.2.17)-(1.2.19)) such that (S^^J'"^'^, T^^J'"^'^"^) = (^(2)'"^'^' 
T^^'""*^'^"^). Then, after possibly shifting the cointertwiners by trivial cointertwiners 
(cfr. eqs. (1.2.20)-(1.2.22)) preserving this condition, there exists a sequence of cochains 

|Qfe,«,p-2-fe-«j.^ j-Qfc,/,p-3-fc-/j.. |;=;fe,p-l-fc,-l j.^ |'Y^fe,p-2-fc,-l-J.^ 

terpolating the cointertwiners, i.e. fulfilling (2.2.7)-(2.2.12). 

Here is a sketch of the proof. As 0{1) U 0{2) is a good covering of the pair X, y, the 
cohomology isomorphism (1.4.3) holds true. Set 

= S-J'-''^ = =-5--''^, (2.2.34a) 
y-i,-i,p-i ^ ^ (2.2.346) 

Then, (S"-*^'"-*^'^, T"-'^'"-'^'^'"-'^) is a relative de Rham p-cocycle, 

^5-1 = 0, (2.2.35a) 
_ ^ Q_ (2.2.356) 

This can be extended to an 0{1) U 0{2) relative cointertwiner, which is precisely the se- 
quence of cochains interpolating the given relative Cech-de Rham cointertwiners we are 
looking for. Indeed, (2.2.7)-(2.2.9) are nothing but the transcription of (1.2.17)-(1.2.19) 
for the covering 0{l)l}0{2). One verifies that relations (2.2.10)-(2.2.12) define two relative 
Cech-de Rham p-cointertwiner extending (S^^'""*^'^, T^^'""'^'^"''^), (S^^'""*^'^, T^^'""*^'^""*^). 
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Thus, these cointertwiners must equal the original cointertwiners up to trivial shifts pre- 
serving (S^^'"^'^, T'^-^^'^^'^~^), (S^^'""*^'^, T^^'"''^'^"''^) (see the discussion of subsect. 1.4). 

If the relative de Rham cocycles (S^j^^'""*^'^, T^^^'"^'^""*^), T^^'"''^'^""'^) are 

cohomologically integer, the relative real Cech cocycles (S^j^^'~^, T^^^''^'"^'"''^), (S^^'^'""*^, 
T^^'^~^'~^) are also cohomologically integer (cfr. subsect. 1.5) and, therefore, fit into two 
relative differential ]?-cocycles (S^j^^'"^, T^j^^'"^'"'''; ,T*^^^^'~^'~^; 2^^^^'"''", 

-O-p-l.-l.-lN /^-l,P,-l TT*-!'^-!.-! T*~l'f~2,-1. ■6'-l.P>-l x~l'P~l'~l'l (nfr 

^ (1) ^ ^^"(2) ' (2) ' "(2) ' (2) ' ""(2) ' (2) ) v^^^- 

eqs. (1.3.1)-(1.3.3)). In that case, ({S'^'P"^"'^'"^}, {T'^'^~^~'^'~^}) extends to a sequence of 

COchains (^{^'^k,p-l-k,-ly^ ^■Yk,p-2-k,-ly^ |2*fe,p-2-fc,-l|^ |Y*fc,p-3-fc,-l|. ^'^k,p-l-k,-ly^ 

|Y'=>p-2-fc,-i interpolating those cocycles, i.e. satisfying (2.2.21)-(2.2.26), after possi- 
bly shifting the latter by torsion differential cocycles (cfr. eqs. (1.3.4)-(1.3.6)) preserving 
(S^^^^'~^, Tj^j^^'"^'"^), (S|~^'^'~^, T|^^'-''~^'~^). Moreover, when the relative integer Cech 
cocycles {E^^J^'~^, 'T^~^^'~^'~^), (S^^'^'""'^, T^^'^""'^'""'^) are representatives of the same rel- 
ative integer singular cohomology class via the isomorphism (1.5.1), the shifts by torsion 
differential cocycles preserve that cohomology class. 

Indeed, the relative de Rham cocycle (p~^'~^'P,T~^'~^'P~^) is cohomologically in- 
teger, so that the relative real Cech cocycle ({S'^'^'"-'^"'^'"-'^}, {T'^'^"^"'^'"-'^}) is similarly 
cohomologically integer. Thus, it can be extended to an 0{1) U 0{2) relative differen- 
tial cocycle, which is the desired interpolating sequence of cochains. (2.2.21)-(2.2.23) 
are indeed the transcription of (1.3.1)-(1.3.3) for the covering 0{1) U 0{2). One then 
checks that relations (2.2.24)-(2.2.26) define two relative differential p-cocycles extending 
(S^-[^^'~^, T^j^^'~^'~^), (S^^'^'"^, T^^'^~^'~^). Thus, they must equal the given relative 
differential cocycles up to a torsion differential cocycle preserving (S^j^^'~^, T^~^^'~^'~^), 
(S^^'^'""*^, T^^'^""*^'""*^). When the relative integer Cech cocycles 

(S^^'^'""*^, T^^'^""*^'"^) are representatives of the same relative integer singular cohomol- 
ogy class, the interpolating sequence of cochains can be chosen so that the relative in- 
teger Cech cocycle ({S'^'^~^~^'~^}, {T^'P~^~'^'~^}) is also a representative of that coho- 
mology class. In that instance, relations (2.2.26) define two relative integer Cech cocycles 
representing again that cohomology class and thus equivalent to (S^^^^'~^, T^^^^'"^'"^), 
(S^^'^'~^, T^^'^~^'~^) in relative integer Cech cohomology. 

The above statements remain true if one of the two coverings, say 0{2), is substituted 
by a refinement 0'{2) which is a good covering of X, Y (cfr. subsects. 1.1, 1.4). 

Indeed, as 0'{2) is a refinement of 0{2), the associated refinement map /2 induces a 
homomorphism /2* of the space relative Cech-de Rham cochains of 0{1) U 0{2) into that 
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of 0{1) U 0'{2), which preserves the de Rham and Cech degrees, commutes with d and is 
such that f2*Si = (^1/2*, f2*S2 = (^'2/2*- Then, sequence of cochains obtained by applying 
/2* to the interpolating sequence of cochains of C(l), 0{2) is interpolating with respect 
to 0'{2). 

It is easy to see that the above conditions on the coverings C(l), 0{2) are trivially 
satisfied for 0{1) = C(2), so that, in this special case, interpolating sequences of cochains 
exist. Then, interpolating sequences exist also when 0{2) is a refinement of 0{1). 

In summary, we have shown the following. 

First, there indeed exists a sequence of chains {S-i^-i^p-i, T_i^_i^p_2; {Vk,i,p-i-k-i}i 

{Zk,i,p-2-k-i};{Sk,p-i-k,-i},{Tk,p-2-k-i}) interpolating the intertwiners (S'i\^ 
7^(1) .rT/(i) 1/7(1) 1. q(i) T^i) ^ ^(2)' 

-^-l,-l,p-2'l''fc,-l,p-l-A;J ' l^fc,-l,p-2-fcJ ' "^p-l,-!,-!' -'p-2,-1,-1 J ' -^-l,-l,p-2^ 

{v[^lk,p-i-k}AZ-lk,p-2-k}'^ S-lp-i-i,T^-lp-2,-i) such that the sequence of chains 
i{Sk,p-i-k,-i}ATk,p-2-k,-i}) interpolates the integer Cech cycles (^^l.^ _i _i,TjSi\ _i 

(2) (2) 

{S_i p_i _i, T_l^_2 possibly after shifting the intertwiners by trivial intertwiners leav- 
ing (-51^,-1,^-1,^^-1,^-2), ('5i'i^i,,-i,T!?,_i,,_2) unchanged. 

Second, provided the good coverings 0{2) satisfy the conditions illustrated 

above, there indeed exist a sequence of cochains (S~i'~i'^, T~1'~1'P~1; 
|0fe,/,P-3-fc-Z|.|2fc,P-i-fe -1} ix'^'P-^-'^ -1}) interpolating the cointertwiners (S^^^'"^'^' 

X-l'-l'P-l. ro'=>-l:P-l-fcl rft'i:>-l>P-2-fe-l . ';^P,-l,-l XP"!'"!'"!"! /'^-l.-l.P X~^'~^'P~^- 
-^(1) ' l"(1) J' 1^(1) /' "(1) ' (1) ^^{"2) ' (2) ' 

{1)-5'^'^-'-'=},{0-5''='P-^-'^};S-5'^''-\T-5'P-''-') and a sequence of cochains ({S'^'P-^-'^' 
""-*■}, {T'^'P"^"'^'"-'^}; {s*'^'P~2-fe,-i|^ is/^.p-i-fc.-i}^ i^'^k,p-2-k,-i^\^ inter- 

polating the differential cocycles {'EF^^^'~^ , T^^~^'~^'~^] 'E.*^^^'~^'~^ , T*^^"^'""*^'""*^; S^^^ 

Xp-l,-l,-lx /.^-l,p,-l n^-l,p-l,-l_ ,^*-l,p-l,-l n^*-l,p-2,-l. A-l,p,-l n^-l,p-l,-lN r^- 
J-(l) ^ '."(2) ' (2) '""(2) ' (2) '""(2) ' (2) wmcn 

are compatible in the sense that the end of the first interpolating sequence equals the 
beginning of the second, as shown by the notation, possibly after shifting the cointertwin- 
ers and the differential cocycles by trivial cointertwiners and torsion differential cocycles 
leaving T|~^'~^'^~^), (S^^'"^'-'', T^^^'"^'^"^) unchanged. Further, when the rel- 

ative integer Cech cocycles (S^i'j^^"'^'""'^, T^-^"^"^'"^'"^), (S^^'^'""^, Tj^^'^"''''""'^) represent of the 
same relative integer singular cohomology class, the shifts by torsion differential cocycles 
preserve that cohomology class. 

Then, by (2.1.7), (2.2.18), (2.2.31), for given (5p-i,Tp_2) G Zl^^\x,Y), z = 1, 2, 
(SP, TP-i) e Z^j^^{X, Y), the difference 1^(2) -/C?(i) integer, provided the relative data 
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employed in the construction of I'^^*) are suitably chosen. Since, however, this may not be 
the case, we see that a weaker result holds in general, namely 

jOi2)^^jO{2)_jO(i)_^jO{i)^Q niodZ, (2.2.36) 

where the indeterminations A/^^*), given by (2.1.8), account for the shifts relating the 
relative data used in J'^^*) and those for which the interpolating sequences exist. 

As discussed in subsect. 2.1, the indeterminations A/'^^*) are not integer in general. 
By demanding that (S^^^^'~^, 'T^~^^'~^'~^), (S^^'^'~^, T^^'^~^'~^) are representatives of a 
fixed cohomology class of H^j^{X, Y) via (1.5.1), the are given modulo integers by 

expressions of the form of the right hand side of (2.1.11). 

As we have seen in subsect. 2.1, for a given good covering O, the Z linear func- 
tional : Zp^i(XjY) M/Z, eq. (2.1.9), depends on a choice of a relative integer 
singular cohomology class in H^j^{X,Y), a representative (S^, T^"^) e Z^j^^{X,Y) of the 
image of such class in H^j^^{X, Y) and a point in the relative de Rham cohomology torus 
H^^^{X,Y)/H^^^{X,Y). The parametrization of the family of maps in terms of 
H^^^{X, Y)/H^^^{X, Y) is however not unique. A change of the parametrization changes 

by an amount given by (2.1.11), (2.1.12). Thus, after fixing the cohomology class in 
H^j^{X,Y) and its representative (Sp,Tp~^) G Z'^^^(X, y), there still is no natural way 
of comparing the maps $^^(2) for the good coverings 0{1), 0{2), unless we have a 

mapping relating their H^'^^ {X ,Y) / H^'^^{X ,Y) parametrizations. This is precisely the 
origin of the residual indetrminations A/'-'*^*) of the previous paragraph. 

Then, from (2.1.9) and (2.2.36), we can draw the following conclusions. Let C(l), 0{2) 
be two good coverings of X, Y and 0(12) be a common refinement of 0(1), 0{2) which 
is also a good covering. Let (;Sp_i,Tp_2) G Zp^P^(X,y), (Sf,TP-i) e ZPj^^{X,Y). The 
pairs of good coverings 0(1), 0(12) and C(2), 0(12) satisfy the requirements sufiicient 
for the existence of interpolating sequences of cochains. Then, 

$^^*^(,S,T;S,T) = $'^(^2)(S',T;S,T), z = 1, 2, (2.2.37) 

provided the H^'^ (X, Y) /H^'l (X, Y) parametrization of ^^^^ , ^^^^^^ is suitably chosen. 

Thus, for (5p_i,Tp_2) e zfS''\x.Y), (s^T^'-^) e z^^^(x,y), 

^o(i) 2^ -Y^) ^ ^o(2) 2^ r^^^ (2.2.38) 
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provided the H^j^^{X,Y)/H^j^^{X,Y) parametrizations of $<^(i), $<^(2) ^^^^ suitably cho- 
sen. 

Let us assume that the family of good open coverings of X, Y is cofinal in the family 
of open coverings of X (cfr. subsects. I.4, 1.5). The conditions under which this is the 
case will be analyzed separately, in appendix Al. Then, in the sense stated in (2.2.38), 
is independent from covering choices. 

3. Extension of to non O-small relative cycles 

Since any dependence on a choice of open covering O is unnatural, we would like 
to extend the Z linear map : Zp^i(XjY) R/Z of subsect. 2.1 to a Z linear map 
$ : Zp_i{X, Y) ^ M/Z independent from O. This can indeed be done using the barycentric 
subdivision operator q introduced in subsect. 1.1 as follows. 

Let us fix the cohomology class of H^j^{X, Y), its representative (S^, T^"^) g Z^j^j^{X, 
Y) and the point of the torus H^^^{X, Y) / H^^^{X , Y) involved in the definition of 
Let {Sp-i, Tp-2) e Zp_i{X^ Y) be a general relative singular p — 1-cycle. Pick a good open 
covering O of the pair X, Y. For a suflaciently large /c > 0, {q^Sp-i, e Z*^i(X, Y) 

is O-small. We then set 

^{S, T; S, T) = $<^(g^5, q^T; S, T). (2.3.1) 

Next, we shall show that the right hand side of (2.3.1) does not depend on O and /c, making 
the definition well-posed. 

From (1.1.5), for k,l>0, one has 

max(fc,Z) — 1 

hc^k,i) ^^{k,i)^^^k cC^'i) = sgn{k - I) ■ c Yl (2-3-2) 

r=min(A;,i) 

So, by (1.2.1) 

hc^^'^^Sp-i + i.c^^^^%-2 = q^Sp-x - q^Sp-i, (2.3.3a) 

6c('='^)Tp_2 = q%-2 - q%-2. (2.3.36) 

Therefore, {q^ Sp-i — q^ Sp-\.,q^Tp-2 — q^Tp-2) is the relative boundary of the relative chain 
^g(fe,/)5^_^^ _c(A;,0y^_2). Now, if I are large enough, q'^Sp-i, q^Tp-2 are both C-small 
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for r > min(A;, I). Since c preserves O-smallness and the range of c contains only degenerate 
chains (see subsect. 1.1), both c^^'^^Sp-i and c^'^'')Tp_2 are C-small and degenerate, by 
(2.3.2). Recall that degenerate chains are invisible, that is the integral of any form on any 
such chain vanishes. So, recalling (1.1.15), (2.1.10) 

^^{q'^S, q'^T; S, T) - ^^{q^S, q^T; S, T) 
= <^'^{q''S - q^S, q^T - q^T; S, T) 
= ^^{bc^'^'^^S + HC^'^'^^T, hc^^'^^T- S, T) 

= 0, mod Z. (2.3.4) 

This shows that the right hand side of (2.3.1) is independent from k 

Let 0(1), 0{2) be two good coverings. Let C(12) be a good covering refining both 
0(1), 0{2) and let k be large enough so that {q'^Sp^i, q^Tp_2) is 0(12)-small. Then, 

{q^S, q^T- E, T) - ^^^^^ (q'^S, q^T- E, T) = 0, (2.3.5) 

by (2.2.38), provided the HP-\X,Y)/HP-^(X,Y) parametrizations of $^(2) ^^e 

suitably chosen. This shows that the right hand side of (2.3.1) is independent from O. 

We have thus managed to define a mapping $ : Zp_i{X,Y) — > M/Z. It is easy to 
show that $ is Z linear. For given Z linear combinations of relative cycles, one chooses 
a good covering O and a subdivision degree k large enough so that all the relative cycles 
involved are O-small. Then, the Z linearity of $ follows trivially from that of 

When the relative (co)cycles (S'p_i, Tp_2), (S^, T^"^) are shifted by the relative 
(co)boundaries given by the right hand sides of (1.2.2), (1.2.14), respectively, one has 

A$(5,T;S,T) = {Sp-ue-') - {Tp-2,v^-') 
+ {sp,EP) - {tp_„TP-') 

+ {sp, d^P-^) - {tp-i, - dvP-^), mod Z. (2.3.6) 
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Indeed, provided k is large enough to make all chains involved O-small, A$(S', T; S, T) = 
A^^{q''S,q''T;E,T), which, on account of (2.1.10), is given by 

+ (9%,S^')-(5%_i,T^'-i) 

+ {q''sp,de~^) - {q%_i,i*e~^ - dvP-'^), mod Z. (2.3.7) 



Using (2.3.2) and (1.2.1), one has 



fc(fc.o)^^ + c^'^^^^bsp = q^Sp - Sp, 



(2.3.8a) 
(2.3.86) 
(2.3.8c) 
(2.3.8d) 



As the range of c contains only degenerate chains, c^'^'^^ Sp-i, c^'^'^^Sp, c^'^'^Hp-i 

are all degenerate, hence invisible. Then, by (2.3.8), the chains q'^Sp-i — Sp-i, q^Tp_2 — 
Tp_2, q^Sp — Sp, q^tp-i — tp-i are all invisible. It follows that the right hand side of (2.3.7) 
equals that of (2.3.6). 

If we change the H^^^{X, Y)/H^^^{X, Y) parametrization, $(5', T; S, T) varies of an 
amount given by 



A$(5,T;S,T)= - {Sp-,,UP-') - {Tp_2,^P- 



mod Z, 



(2.3.9) 



for some relative de Rham cocycle (11^ ^,E^ ^) defined up to cohomo logically integer 
relative de Rham cocycles. Indeed, provided k is so large that all chains involved are 
O-small, A$(,5,T;S,T) = A^'^{q^S,q''T;E,r), so that, by (2.1.12), 

A$^(5'=5,?'=T;S,T)= - [(5'=5p_i,nP-i)-(^%_2,Sf-2)] modZ. (2.3.10) 

By (2.3.8), the chains q^Sp-i — Sp-i, q^Tp-2 — Tp-2i are all invisible. It follows that the 
right hand side of (2.3.9) equals that of (2.3.10). 
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4- The end product: the family CS\ y of relative Cheeger-Simons differential characters 

We have thus defined a family of Z hnear mapping $ : Z^_-^{X^Y) — > R/Z parame- 
terized by a relative integer singular cohomology class in /^^^(X, y), a representative 
(S^,T^~i) e Z'^^j^{X,Y) of the image of such class in H^^j^{X^Y) and a point in the 
relative de Rham cohomology torus H^'^ {X / H^'^{X . We claim that this is pre- 
cisely the family of degree p Y relative Cheeger-Simons differential character of X, CS\ y- 
This will become clear in the next section. See also the heuristic discussion given in the 
introduction for comparison. It is important to recall that the above construction works 
provided the family of good open coverings of X, y is cofinal in the family of open coverings 
of X (cfr. subsects. 1.4, 2.2). 

3. Formal properties of the relative Cheeger-Simons differential characters 

In this section, we shall define the relative Cheeger-Simons differential characters in 
abstract terms and study their main formal properties. This will lead us to identify the 
family CS^ y of these characters with the family of characters constructed in sect. 2. 

Let p, X, Y satisfy the same assumptions as in subsect. 1.2. 

1. Basic properties of the relative Cheeger-Simons characters 

By definition, $ e CS^ y if $ : Zp_^(X, Y) — > R/Z is a Z linear mapping and there 
is a relative de Rham p-cochain (S^, T^'"^) e C^^(X, Y) such that 

^bs -i^t,-bt) ^ {sp,EP) - {tp-i,TP-^) modZ, (3.1.1) 

for all relative singular chains (sp, tp-i) G Cp(X, Y). CS\ y is clearly a group. 

Let $ G CS^-^y. If (sp,tp_i) G Zp(X, y) is a relative singular p-cycle, then — 
i^t, —ht) = 0, by (1.2.1) (with p replaced hj p + 1). From (3.1.1), we thus get the quanti- 
zation condition 

(sp,S^)-(Vi,T^'-i) GZ. (3.1.2) 

Further, if (sp,tp_i) G Bp{X,Y) is the boundary of a relative singular p+ 1-chain 
(up^ijVp), one has from (3.1.2) 



{up+i, dEF) - {vp, i*EP - dTP-^) G Z, 
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(3.1.3) 



by (1.2.2) (withp replaced by p+ 1) and (1.1.16), (1.1.17). By (3.1.3), since {up+i,Vp) is 
arbitrary, (S^,T^~^) must satisfy (1.2.13) and is thus a relative de Rham cocycle. From 
(3.1.2), (EP, TP-i) is cohomologically integer. Therefore, for any $ e CS^x,y^ (^^' '^^~^) ^ 

To any ^> e CS^^ y there is associated a well-defined relative integer singular coho- 
mology class in H^j^{X,Y) such that (Sp,Tp~^) is a representative of the image of such 
class in H^^j^{X,Y). Indeed, as R/Z is a divisible group and Z^_]^{X,Y) is a subgroup 
of the free group Cp_i{X, Y), there is a Z linear mapping i> : Cp_i(X, F) — > R such that 
$ = $|Z^_i(X,r) mod Z. Then, by (3.1.1), 

A^'(sp) - r^-^Vi) = - Ut, -ht) - (sp, SP) + (Vi, (3.1.4) 

with (sp,tp_i) e Cp(X, y), defines a relative integer singular cochain (A^,rP~-^), which is 
readily checked to be a cocycle cohomologically equivalent to (S^,Tp~^). The choice of 
^ affects {AP,T'P~^) at most by a relative integer singular coboundary. Hence, the integer 
singular cohomology class of (A^, F^"^) is unambiguously determined by 

Let (nP-\ Sp-2) e Cl~^{X, Y) be a relative de Rham p - 1-cochain. Then, 

$(5,T) = (5p_i,nf-i)-(Tp_2,S^'-2) modZ, (3.1.5) 

for (5'p_i,Tp_2) e Zp_j(X, y), defines a character $ e C»S^y. $ depends only on the 
equivalence class of (n^~^,S^~^) modulo the cohomologically integer relative de Rham 
p — 1-cocycles of Z^^^{X,Y). The class of H'^j^{X,Y) corresponding to $ vanishes. 
The relative de Rham cocycle (EP,Tp~^) of $ is the relative de Rham coboundary of 
(jjp-i^5^p-2) (cfr. eq. (1.2.14)) and {EP,Tp-^) vanishes in the important case when 

(UP-\i:p-^)ez^,^\x,Y). 

2. The first relative Cheeger-Simons exact sequence 

From the above discussion, it follows that there is an exact sequence of the form 

- Hl-\X,Y)/Hl-l{X,Y) CS^y Al{X,Y) 0, (3.2.1) 

where A^{X,Y) is the subset of the Cartesian product H'^j^{X,Y) x Z^j^j^{X,Y) formed 
by the pairs of a relative integer singular cohomology class in H'^^{X,Y) and a represen- 
tative of the image of such class in H^j^^{X,Y). The relative de Rham cohomology torus 
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H^^^{X,Y)/H^^^{X,Y) appears here. It parameterizes the group of all $ e y char- 
acterized by the same pair of data in A^{X, Y). The sequence (3.2.1) in the absolute case 
was found in ref. [32] . 

We note that the Z linear mappings $ : Zp_i{X,Y) M/Z constructed in sect. 2 
all belong to CS^ y ^ they satisfy (3.1.1) on account of (2.3.6). Each such $ is charac- 
terized by a relative integer singular cohomology class in H^j^{X,Y) and a representative 
(pP,TP~^) e Z^jj^^{X,Y) of the image of such class in H^^j^{X,Y). As is easy to see, 
these relative data are precisely the ones defined abstractly in subsect. 3.1 above. In- 
deed, (3.1.4) is the statement in the language of singular cohomology that the sequence of 
cochains (S^, T^~-^; A^, r^~^) is a differential cocycles (cfr. subsect. 1.3 and the discus- 
sion of subsect. 2.1). The set of the $ compatible with a fixed choice of the relative data 
is parameterized by H^^^ {X,Y)/H^^^{X,Y). This justifies our claim that the family of 
Z linear mappings $ of sect. 2 is precisely CS^ y- 

3. The second relative Cheeger-Simons exact sequence 

From the above discussion, there is another exact sequence of the form 

- C^dRiX^y)/Z'dRiiX,Y) ^ CS^^^y ^ i?f^(X,y) ^ 0, (3.3.1) 

which is directly related to the first one. This sequence indicates that the group of all char- 
acters ^» e C»S^-^ characterized by the same cohomology class in Hg.^{X,Y) is isomorphic 
to C^~\X,Y)/Z^~^{X,Y). In the absolute case, the sequence was found in ref. [11]. Its 
importance stems from the fact that it reveals the relation between the Cheeger-Simons 
differential characters and the smooth Beilinson-Deligne cohomology [12,13,14]. 

The analysis of sect. 2 furnishes an expression of the depenedence of the Cheeger- 
Simons characters $ G CS^ y on the cohomologically integer relative de Rham cocycle 
(SP^TP-^) e Z^j^^{X,Y) for a fixed class in H^^{X,Y). Indeed, from (2.3.6), ff we shift 
(pP, TP~^) by a relative de Rham coboundary of the form (1.2.14), $ varies of an amount 

A^S,T) = - (Tp_2,i;^-'), (3.3.2) 

for {Sp-i,Tp_2) e Z;_^{X,Y). 
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4. Concluding remarks 

In this paper, we have shown that the proper treatment of the topological integrals 
appearing in many physical models such as gauge theory and string theory requires in 
an essential way relative (co) homology and leads to relative Cheeger-Simons differential 
characters. Instead of contenting ourselves with an abstract study of these matters, we 
have worked out a definition of relative Cheeger-Simons differential characters which is 
constructive, i. e. computable in principle, and which contains the ordinary Cheeger- 
Simons differential characters as a particular case. The resulting expressions are totally 
explicit and completely general and lend themselves also to a more formal type of study. 

Our method relies heavily on Cech (co)homological machinery. This has its advantages 
and disadvantages. At any rate, it seems hardly avoidable when one has to deal with locally 
defined fields on arbitrary topologically non trivial manifolds. A major part of the effort 
consisted in showing independence from covering choices. 

We limited ourselves to the case where the quantization conditions can be formulated 
in the framework of integral relative cohomology. This excludes interesting examples from 
D-brane theory, which require more general cohomology theories such as K theory. It 
would be very interesting to generalize our constructions to K theory. This is left for 
future work. 

Al. Existence and cofinality of good open coverings 

Let M be a manifold equipped with a Riemannian metric g. For m & M and u e T^M, 
we set \u\Mg = gm{u,uY^'^. For r > 0, we define BMgim^r) = {u\u e TmM, \u\Mg < r}. 
The exponential expj^g is a map of an open neighborhood Nmq of the section of TM 
into M. It has the basic property that, for m G M and u G T^M, the curve ■^rnuit) = 
exp^g{tu), < t, tu E Nmq, is the unique geodesic with initial condition {m^u) [40]. 

The following theorem holds [40]. For m G M, there is rMgii^) > such that, for any 
r with < r < rMg{m,), BMgijn^ f) C NMg and there is an open neighborhood Uugijn^ f) 
of m in M such that expj^^^ : BMg{Tn,r) UMgi^n^f) is a diffeomorphism. Further, 
Uugijn^r) is geodesically convex, that is every two points q E llMgi'm-, r) can be joined 
by a unique distance minimizing geodesic contained in UMgim, r). For m G M, the family 
i^Mgi'm) = {UMgi'm',r)\0 <r < rMgim)} is a fundamental system of geodesically convex 
open neighborhoods of m. Since the intersection of any finite number of geodesically convex 
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open sets is geodesically convex, the open coverings O of M made of sets UMgi^^i f) with 
varying m and sufficiently smaU r are good. Further, such good coverings are cofinal in 
the family of all open coverings (cfr. subsect. 1.1). 

Let X be a manifold equipped with a Riemannian metric g and let y be a submanifold 
of X with induced metric i*g. Assume that Y is totally geodesic [40]. Then, every geodesic 
of Y with respect to the metric i* g is a geodesic of X with respect to g, so that expyj*^ = 
exp^g \NYi*g n Nxg- It follows that ioY y eY <Z X and < r < ryi'giy), Uyi^giv, r) = 
Uxg{y,r) n Y. Now, define U'^gix) = {Uxg{x,r)\0 <r < rxgix), Uxg{x,r) n F = 0}, 
for X G X \ y, U'xg{y) = {Uxg{y,T)\^ < r < rYi*g{x)}, for y eY. Then, for any x E X, 
W-^g{x) is a fundamental system of geodesically convex open neighborhoods of x such that, 
for any y E Y, U'xg{y) fl F = lAYi*g{y)- From the discussion of the previous paragraph, 
it follows that the open coverings O of X made of sets Uxg{x,r) with varying x and 
sufficiently small r are good for the pair X, Y (cfr. subsect. 1.4) and that such good 
coverings are cofinal in the family of all open coverings. 

Therefore, given a manifold X and a submanifold Y of X , in order a cofinal family of 
good open coverings of X, Y to exist, it is sufficient that there is a Riemannian metric g 
on X with respect to which Y is totally geodesic. 
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